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Buckling of stiff thin films on compliant substrates has many important applications

ranging from stretchable electronics to precision metrology and sensors. Mechanics plays

an indispensable role in the fundamental understanding of such systems. Some existing

mechanics models assume plane-strain deformation, which do not agree with experi-

mental observations for narrow thin films. Systematic experimental and analytical studies

are presented in this paper for finite-width stiff thin films buckling on compliant

substrates. Both experiments and analytical solution show that the buckling amplitude

and wavelength increase with the film width. The analytical solution agrees very well

with experiments and therefore provides valuable guide to the precise design and control

of the buckling profile in many applications. The effect of film spacing is studied via the

analytical solutions for two thin films and for periodic thin films.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Ordered buckling structures in thin metal films on elastomeric substrates, first reported by Bowden et al. (1998), have
broad applications ranging from stretchable electronic interconnects (Lacour et al., 2003, 2004, 2005, 2006; Wagner et al.,
2004) and stretchable electronic devices (Choi and Rogers, 2003; Khang et al., 2006; Choi et al., 2007; Jiang et al., 2007a, b),
microelectromechanical systems (MEMS) and nanoelectromechanical systems (NEMS) (Fu et al., 2006), and tunable
diffraction and phase gratings (Harrison et al., 2004; Efimenko et al., 2005), to force spectroscopy in cells (Harris et al.,
1980), biocompatible topographic matrices for cell alignment (Jiang et al., 2002; Teixeira et al., 2003), modern metrology
methods (Stafford et al., 2004, 2005, 2006; Wilder et al., 2006), and methods for micro/nano-fabrication (Bowden et al.,
1998, 1999; Huck et al., 2000; Sharp and Jones, 2002; Yoo et al., 2002; Schmid et al., 2003). Thin buckled films on
elastomeric supports exist in several different geometries. The first is to deposit metals onto an elastomer (Bowden et al.,
1998), which leads to sinusoidal wave patterns and networks of micro/nanocracks in the metal. The second uses the
transfer of solid films or ribbons created on a separate growth substrate onto the elastomer (Khang et al., 2006; Choi et al.,
. All rights reserved.
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2007; Jiang et al., 2007a), in a manner that yields well-controlled sinusoidal geometries. Fig. 1 shows a schematic
illustration of the procedures for forming buckled ribbons of single crystalline Si on a PDMS substrate. Wide-ranging
classes of materials are possible, including even brittle single crystalline semiconductors such as silicon and gallium
arsenide (Khang et al., 2006), without cracking. These two classes of configurations, both involve strong bonding of the
Fabricate thin Si ribbons

-Undercut etch buried oxide layer
-Bond ribbons to prestrained

elastomeric substrate, PDMS

-Peel back elastomer
-Flip over
-Release prestrain

Buckled thin Si ribbons

PDMS

Handle wafer

Buried oxide layer

Si ribbons

Fig. 1. Schematic illustration of experimental procedures for the buckling of single crystalline Si ribbons on elastomeric substrates, poly(dimethylsilox-

ane) (PDMS). After patterning the top Si layer of silicon-on-insulator (SOI) wafer into the ribbon shape (top panel), the oxide layer undercut etched to

release Si ribbons. Placing surface treated (uv/ozone), prestretched (heating to 70 1C) flat slab of PDMS on the SOI wafer results in a strong chemical

bonding between Si and PDMS (middle). Peeling off the PDMS from the wafer transfers the Si ribbons onto the PDMS. The Si ribbons become buckled into

a sinusoidal, wavy shape when the Si/PDMS is cooled down to room temperature (bottom). Note here that the ribbon width effect on the buckling profile

is also shown; the wider the ribbon, the larger the buckling wavelength.
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films to the substrates at all points along their interface. Spatially modulating this adhesion through lithographically
patterned surface chemistry enables a third class of buckled system (Sun et al., 2006; Jiang et al., 2007b). The films buckle
in controlled geometries that involve intimate mechanical contact at the adhesion sites and physical separations in the
other regions. In all three cases, thermal or mechanical methods are used to stretch the elastomeric substrate, such as
poly(dimethylsiloxane) (PDMS), prior to deposition or transfer such that relaxing the pre-strain in the substrate yields the
compressive strain in thin films, which leads to buckling of thin films in order to release the compressive strain.

Mechanics models have been developed to understand these systems (e.g., Huang and Suo, 2002a, b; Huang et al., 2002,
2004, 2005; Huang, 2005; Huang and Im, 2006). One of the primary goals of these theoretical studies is to identify the
relation between buckling profile (i.e., wavelength and amplitude) and other material parameters (e.g., materials moduli,
dimensional parameters) because the buckling profile is critical in many applications. For example, in modern metrology
methods, the measured buckling wavelength is used to determine the modulus of thin film or substrate (Stafford
et al., 2004, 2005, 2006; Wilder et al., 2006). The wavelength and amplitude are also very important for flexible and
stretchable electronics since they are closely related to the achievable maximum stretchability, which is the most critical
quantity in stretchable electronics. The existing mechanics models (e.g., Huang et al., 2005) give analytically the buckling
wavelength l0:

l0 ¼ 2ph
Ēf

3Ēs

� �1
3

, (1)

and amplitude A0 as

A0 ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�pre

�c
� 1

r
, (2)

where h is the thin-film thickness,

�c ¼
1

4

3Ēs

Ēf

� �2
3

(3)

is the critical strain for buckling (i.e., the thin films buckle once the pre-strain epre40 reaches ec), Ēs ¼ Es/(1�ns
2) and Ēf ¼ Ef/

(1�nf
2), Es, Ef, ns, and nf are the plane-strain moduli, the Young’s moduli and the Poisson’s ratios of the substrate and thin

film, respectively. Eqs. (1) and (2) agreed reasonably well with experiments (e.g., Khang et al., 2006), and have been widely
used as in modern metrology methods (Stafford et al., 2004, 2005, 2006; Wilder et al., 2006).

Eqs. (1) and (2), however, involve one critical assumption that the thin-film width (the dimension perpendicular to the
pre-strain direction) is much larger than the wavelength such that the deformation is plane strain. However, this
assumption does not hold in many applications. For instance, the thin film in stretchable metal interconnects (Lacour et al.,
2005) is a one-dimensional-like stripe, for which the plane-strain assumption does not hold. Another experiment that
showed the important effect of film width is the buckling of ultrananocrystalline diamond (UNCD) thin films on PDMS
substrate (Kim et al., 2008). Fig. 2 shows a buckled system of a 440 nm thick and 10-mm-wide UNCD film on a 4-mm-thick
PDMS substrate. The buckling wavelength was 85 mm in the experiment, while Eq. (1) gives the buckling wavelength
118mm for the Young’s modulus 800 GPa and the Poisson’s ratio 0.07 of UNCD (Espinosa et al., 2003). This large discrepancy
between the theory and experiment is due to the neglect of the finite film width effect in the existing mechanics models.
Our own experiments to be discussed in Section 2 also show the strong effect of film width.

A nonlinear buckling model is presented in this paper for the buckling of thin films with finite width on compliant
substrates. Our recent experiments that reveal the width effects on the buckling wavelength are described in Section 2.
Fig. 2. Angled-view scanning electron microscopy (SEM) images of wavy diamond ribbons on PDMS substrate.
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The method of energy minimization is described in Section 3, along with the energies in the thin film and substrate. Energy
minimization gives the buckling wavelength and amplitude that are compared with experiments in Section 4. The effect of
film spacing is studied in Section 5, and the analytical results are compared with experiments. The effect of periodic
ribbons on buckling profile is studied in Section 6.
2. Experiments: strong width effect

Fig. 1 illustrates the fabrication procedures. Single-crystalline Si (10 0) ribbons are derived from silicon-on-insulator
(SOI) wafers (SOItec Inc.), with top Si thicknesses of 100 nm. The first step involves patterning a layer of photoresist
(AZ5214) in the geometry of ribbons on top of an SOI wafer using conventional photolithographic methods (Karl Suss MJB-3
contact mask aligner). The ribbon width systematically varies from 2 to 200 mm, while their length is fixed at 15 mm for all
cases. In order to remove any possible mechanical coupling effect between neighboring ribbons, the spacing between
ribbons is fixed at five times larger than their widths (for example, 5-mm-wide ribbons spaced apart 25, and 100-mm-wide
ribbons with spacing of 500 mm). For experiments that examine the effects of spacing, the ribbon widths are fixed at 8 or
11 mm, while the spacing varies up to about 30mm. Etching the exposed top Si layer by SF6 reactive ion etching
(PlasmaTherm) defines the ribbons (Fig. 1, top frame). Undercut etching of buried oxide layer with HF releases the Si
ribbons and leaves them resting on the underlying Si substrate.

The PDMS (Sylgard 184, Dow) substrates are formed by casting and thermally curing (70 1C for 44 h) at 10:1 (by weight)
mixture of base resin to curing agent against a surface functionalized silicon wafer. Flat slabs of PDMS (3–5 mm thick)
formed in this manner serve as the substrates. The process for integrating Si ribbons on the PDMS substrates begins with an
exposure of the PDMS to ultraviolet-induced ozone for 1–2 min to create surface –OH groups. The PDMS is then heated to
70 1C inside an oven, which resulted in a moderate pre-stretching due to thermal expansion. Placing a processed SOI wafer
against this pre-stretched PDMS, and then removing the wafer transferred the Si ribbons to the PDMS through the action of
strong, covalent –O–Si–O– bonds that form at the interface.

The transfer and bonding processes are done inside the oven, which is maintained at 70 1C (middle frame in Fig. 1), to
minimize any temperature fluctuation. In order to avoid bonding between the PDMS and the silicon wafer of the SOI
Fig. 3. Some representative experimental results on the width-dependent buckling profile. (a) Optical microscopy image of buckled 5-mm-wide Si ribbons

(spaced 25 mm apart) on PDMS (scale bar ¼ 25 mm). (b) Three-dimensional atomic force microscope (AFM) perspective view of buckled 100-mm-wide Si

ribbons. (c) Stacked plane-view AFM images of buckled Si ribbons, having different widths of 2, 5, 20, 50, and 100 mm (from top to bottom). A wave peak in

each image is aligned at the left and marked with a long, red line, and their fourth peaks are marked with short red lines indicating the variation of the

wavelength with respect to the ribbon width. It can be clearly seen that the wavelength increases and then seems to saturate at/above certain value, as the

Si ribbon width increases. (d) AFM line-cut profiles along the buckled wavy Si ribbons for 2 mm (black) and 20 mm (red) wide ribbons. For comparison

purpose, those profiles are shifted to have peaks at the same origin; again, the wavelength and amplitude increase as the ribbon width increases.
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substrate (i.e., the handle wafer), the contact between the PDMS and the processed SOI is limited to �1 min. We found that
this contact time (�1 min) ensured transfer-bonding of Si ribbons from processed SOI wafer onto PDMS, while preventing
unwanted bonding between PDMS and SOI substrate. After peeling back the PDMS from the SOI wafer with the Si ribbons
on its surface, the bonding is allowed to run to completion (410 min at 70 1C) before releasing or applying strains. As the
sample is cooled down to room temperature, the Si ribbons become buckled by the compressive stress caused by shrinkage
of PDMS substrate (Fig. 1, bottom frame). An optical microscope is used to determine the wavelength by measuring the
distance between two fixed points in the image and dividing it by the number of waves in between. Atomic force
microscopy (DI 3100, Veeco) is used to determine the wave amplitude, and also serves to verify the measured wavelength
by optical microscopy.

Fig. 3 shows some experimental results of the ribbon width effect on the buckling profile. An optical microscope image
of buckled, 5-mm-wide Si ribbons (25 mm spacing) is shown in Fig. 3(a),three-dimensional AFM perspective view of a
buckled 100-mm-wide ribbon in Fig. 3(b). In Fig. 3(c), plane-view AFM images of Si ribbons with different widths (2, 5, 20,
50, and 100 mm, from top to bottom) are stacked together. The peaks of waves in each ribbon are aligned at the left side and
marked with long, vertical red lines, and fourth wave peaks are marked with short red lines on each ribbon. From this series
of images, the variation of wavelength can clearly be seen; the wavelength increases with the ribbon width, and then seems
to saturate at a finite value. For the quantitative comparison of wave profile for each ribbon width, the linecut profiles from
the AFM measurements are replotted in Fig. 3(d) for the 2- and 20-mm-wide ribbons. The data are shifted to make the peaks
at the same location, thereby making it easy to observe that the buckling amplitude and wavelength increase with the
ribbon width, i.e., strong ribbon width effect.

3. Energy for the thin film/substrate system

A single thin film of width W on a compliant substrate is studied in this section, while the interactions among thin films,
i.e., the effect of thin film spacing, will be studied in Sections 5 and 6. The total energy consists of three parts, namely the
thin film bending energy Ub due to buckling, thin film membrane energy Um, and substrate energy Us.

3.1. Thin film

The thin film is modeled as an elastic beam because the film thickness (�100 nm) is much smaller than any other
characteristic lengths in the film such as the buckling wavelength (�15mm), film width (2–200 mm) and length (�15 mm).
As will be shown later, the thin film membrane strain remains to be negligibly small so that the von Karman beam theory
(Timoshenko and Gere, 1961) is used to account for the finite rotation effect in buckling analysis. The membrane strain in
the beam is

�11 ¼ u;1 þ
1

2
ðw;1Þ

2, (4)

where u is the displacement along the direction of the pre-strain, and w is the out-of-plane displacement. The linear elastic
constitutive model gives the axial force

N11 ¼WhEf �11. (5)

The shear traction T1 and normal traction T3 at the film/substrate interface can be obtained from the equilibrium of forces
as (Timoshenko and Gere, 1961)

T1 ¼
qN11

qx1
, (6)

and

T3 ¼ Dr2w� N11w;11 � N11;1w;1, (7)

where D ¼Wh3Ef/12 is bending rigidity for film.
Huang et al. (2005) showed that the shear stress at the interface between the stiff thin film and compliant substrate has

a negligible effect on the system buckling, and therefore can be neglected, T1E0. Eq. (6) then gives constant axial force N11,
and constant membrane strain e11.

The buckling profile of the thin film can be expressed as

w ¼ A cosðkx1Þ, (8)

where the amplitude A and wave number k are to be determined, and l ¼ 2p/k is the buckling wavelength. The constant
membrane strain then gives the axial displacement u ¼ kA2 sin(2kx1)/8, where the condition

R 2p=k
0 u;1 dx ¼ 0 has been

imposed to be consistent with the overall substrate deformation (Chen and Hutchinson, 2004). The membrane strain
then becomes e11 ¼1/4A2k2

�epre, where �epre is the compressive strain due to the relaxation of pre-strain epre in the
substrate.
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For the buckling profile in Eq. (8), the bending energy per unit wavelength of the thin film becomes

Ub ¼
k

2p

Z 2p
k

0

1

2
D

q2w

qx2
1

 !2

dx1 ¼
h3Ef W

48
k4A2. (9)

The membrane energy per unit wavelength of the thin film is given by

Um ¼
1

2
N11�11 ¼

1

2
WhEf

1

4
A2k2

� �pre

� �2

. (10)

The normal traction T3 at the film/substrate interface becomes

T3 ¼ �bW cos ðkx1Þ, (11)

where

b ¼ �
h3Ef

12
Ak4
� hEf

1

4
A2k2

� �pre

� �
Ak2. (12)

3.2. Substrate

The PDMS substrate is modeled as a semi-infinite elastic solid because its thickness (3–5 mm) is 4 orders of magnitude
larger than the film thickness (100 nm). The top surface of the PDMS substrate is traction free except within the strip of
width W underneath the thin film. The normal traction, �T3 [which is opposite to the stress traction T3 given in Eq. (11)], is
assumed to be uniform over the width W (but non-uniform along the film direction x1), which gives the following non-
vanishing normal stress traction on the top surface of PDMS substrate

P ¼ �
T3

W
¼ b cos ðkx1Þ (13)

over the width W, as illustrated in Fig. 4. As shown in the Appendix, this assumption of uniform normal traction over the
film width is justified.

Based on the divergence theorem, the strain energy per unit wavelength in the PDMS substrate is

Us ¼
k

2p
�

1

2

Z
V
sij�ij dV ¼

k

4p

Z W=2

�W=2

Z 2p=k

0
Pws dx1 dx2, (14)

where ws is the normal displacement on the top surface (x3 ¼ 0) of PDMS substrate, which is obtained analytically in the
following from the Boussinesq’s solution (Kachanov et al., 2003).

For a unit normal point force at (t1, t2, 0) on the surface of an incompressible semi-infinite solid, the Boussinesq’s

solution gives the normal displacement at (x1, x2, 0) on the surface as ð1=pĒsÞ1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � t1Þ

2
þ ðx2 � t2Þ

2
q

. For the distributed

load in Eq. (13), the normal displacement on the surface is the integration over the entire thin film area,

ws x1; x2;0ð Þ ¼

Z W=2

�W=2

Z 1
�1

b cos kt1ð Þ

pĒs

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � t1Þ

2
þ ðx2 � t2Þ

2
q dt1 dt2

¼ 2

Z W=2

�W=2

b cos kx1ð Þ

pĒs
Y0ðkjt2 � x2jÞdt2, (15)

where Yn (n ¼ 0, 1, 2, y) is the modified Bessel function of the second kind (Abramowitz and Stegun, 1972). Because the
film/substrate interface is replaced by the normal traction in Eq. (13), the above displacement on the surface of the PDMS
substrate is continuous with the displacement in Eq. (8) for the thin film only on the average sense, which is to be further
discussed in Section 3.3.
W
x1

x2
x3

dt1
dt2

Pdt1dt2

PDMS

Fig. 4. Schematic illustration of the geometry and coordinate system for a buckled single thin film on PDMS substrate. W is the width of the thin film.
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The strain energy in the PDMS substrate is then obtained from Eqs. (14) and (15) as

Us ¼
k

4p

Z W=2

x2¼�W=2

Z 2p
k

x1¼0

Z W=2

t2¼�W=2
b cos ðkx1Þ

2b cos ðkx1Þ

pĒs
Y0ðkjt2 � x2jÞdt2 dx1 dx2

¼
b2r Wkð Þ

k2pĒs

, (16)

where

rðxÞ ¼ �1þ xY1ðxÞ þ x2Y0ðxÞ þ
p
2

x2½H1ðxÞY0ðxÞ þ H0ðxÞY1ðxÞ� (17)

is a non-dimensional function, and Hn (n ¼ 0, 1, 2, y) denotes the Struve function (Abramowitz and Stegun, 1972).

3.3. Potential energy

The total potential energy Ptot of the system is the sum of membrane and bending energy in the thin film and the strain
energy in the substrate. However, for the thin film displacement in Eq. (8) and substrate displacement in Eq. (15) that are
continuous only on the average sense, the potential energy becomes

Ptot ¼ Ub þ Um þ Us �

Z
Lðw�wsÞdS, (18)

where L is the Lagrange multiplier, and the integration is over the film/substrate interface (per unit length). The variation
of the above potential energy with respect to L would yield w ¼ ws, and the variation with respect to the displacements w

and ws gives L to be the traction T3 (Eq. (11)) at the thin film/substrate interface, and is replaced by T3 in the following.
The potential energy then becomes

Ptot ¼ �
1

48
Wh3Ef k

4A2
þ

1

2
WhEf �pre �

1

4
A2k2

� �
�pre þ

3

4
A2k2

� �
�
b2rðWkÞ

pĒsk2
, (19)

which depends on buckling amplitude A and wavelength l ¼ 2p/k, as well as the film width W.

4. Width effect on buckling wavelength

The minimization of potential energy Ptot in Eq. (19) with respect to the buckling amplitude A, qPtot/qA ¼ 0, gives

A ¼
2
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�pre � F

p
; Fo�pre;

0; FX�pre;

(
(20)

where

F ¼
pWĒs

4hEfrðWkÞ
þ

1

12
h2k2. (21)

Eq. (20) suggests that the buckling occurs only when the pre-strain reaches a critical value given by Eq. (21), in which the
wave number k is to be determined in the following.

The minimization of potential energy with respect to the wave number, qPtot/qk ¼ 0, gives the following nonlinear
equation for k:

ĒsW3

Ef h
3
¼

4½rðWkÞ�2

3pRðWkÞ
, (22)

where

R ¼ 2Y0ðxÞ þ pH1ðxÞY0ðxÞ þ pH0ðxÞY1ðxÞ (23)

is a non-dimensional function. The wave number k determined from Eq. (22) has the following dependence on the thin film
and substrate elastic properties and film thickness h and width W:

k ¼
1

h

3Ēs

Ef

� �1=3

f
Ēs

Ef

� �1=3
W

h

" #
, (24)

where f is a non-dimensional function of its variable (Ēs/Ef)
1/3(W/h) to be determined numerically from Eq. (22). The

wavelength is l ¼ 2p/k. Fig. 5 shows the non-dimensional function f versus its variable (Ēs/Ef)
1/3(W/h). It is a universal

relation for all film and substrate elastic properties, as well as film width and thickness. As shown in Fig. 5, this universal
relation is very well approximated by the simple relation f(x)Ecoth[(16/15)(x1/4)], where coth is the hyperbolic cotangent
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Fig. 5. Plot of dimensionless function f[(Ēs/Ef)
1/3(W/h)] versus a combination parameter (Ēs/Ef)

1/3(W/h). An approximated expression f(x)Ecoth[(16/15)

(x1/4)] is given in the dotted line.
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function (cosh/sinh). Therefore, the wavelength can be obtained as

l ¼ 2ph
Ef

3Ēs

� �1=3

tanh
16

15

Ēs

Ef

� �1=3
W

h

" #1=4
8<
:

9=
;. (25)

Eq. (25) suggests that the dependence of the wave number (or wavelength) on the film width W is always through the
non-dimensional parameter (Ēs/Ef)

1/3(W/h). For the limit of very wide film, i.e., W-N, r(Wk) ¼ 1/2pWk and R(Wk) ¼ p/Wk

such that f approaches 1, and the wavelength degenerates to that in Eq. (1).
Figs. 6(a and b) show, respectively, the buckling wavelength and amplitude versus the film width for the analytical

model in this section (red line) as well as for the experimental results (filled circles) given in Section 2. For experiments in
Section 2, the thickness of Si thin film is 100 nm and the pre-strain is 1.3%. The Young’s moduli and the Poisson’s ratios of Si
thin film and PDMS substrate are Ef ¼ 130 GPa, Es ¼ 2.2 MPa, vf ¼ 0.27 and

vs ¼ 0.5 (INSPEC, 1988; Wilder et al., 2006). It is clear that the buckling profile depends strongly on film width. For
example, the buckling wavelength varies from 15.5mm for 100-mm-wide film to 12.5 mm for 2-mm-wide film. The analytical
model in this section agrees very well with experiments.2
5. Thin films interactions: film spacing effects

Multiple thin films widely separated on the substrate buckle independently. As the film spacing decreases, mechanical
interactions mediated by the underlying substrate become significant. We study the effect of film spacing in this section via
the model of two thin films with the same thickness h and width W shown schematically in Fig. 7. The film spacing is s. For
large film spacing, the films buckle independently, and the wavelengths and amplitudes are still given by Eqs. (20) and (22).
For small film spacing, the two thin films have strong interactions and therefore buckle together with the same wavelength
(or wave number k) and same phase.

Following the same approach in Section 3, the distributed force on the top surface of the substrate underneath the film
has the same expression as that for single strip in Section 3, and is given by

P ¼ �
h3Ef

12
Ak4
þ hEf

1

4
A2k2

� �pre

� �
Ak2

" #
cosðkx1Þ ¼ b cosðkx1Þ, (26)

where b is given in Eq. (12).
2 The authors acknowledge one anonymous reviewer to point out one recent work by Tarasovs and Andersons (2008) that presented a finite element

analysis for the similar problem.
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Fig. 6. The buckling profile, wavelength for (a) and amplitude for (b), as a function of the width of silicon thin films. The theoretical analysis is shown in

red line and the experimental data are shown in filled circles.

PDMS

W

W

s

x1x2
x3

Fig. 7. Schematic illustration of the geometry and coordinate system for two buckled thin films on PDMS substrate, with identical thickness and width W.

s is the spacing between two thin films.

H. Jiang et al. / J. Mech. Phys. Solids 56 (2008) 2585–2598 2593
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Based on the Boussinesq’s solution, the normal displacement at the top surface is given by

wsðx1; x2;0Þ ¼

Z W=2

t2¼�W=2

Z 1
t1¼�1

b cosðkt1Þ

pĒs

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � t1Þ

2
þ ðx2 � t2Þ

2
q dt1 dt2

þ

Z 3W=2þs

t2¼W=2þs

Z 1
t1¼�1

b cosðkt1Þ

pĒs

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � t1Þ

2
þ ðx2 � t2Þ

2
q dt1 dt2, (27)

which can be expressed as

wsðx1; x2;0Þ ¼
2b cosðkx1Þ

pĒs

Z W=2

�W=2
Y0ðkjt2 � x2jÞdt2 þ

Z 3W=2þs

W=2þs
Y0ðkjt2 � x2jÞdt2

" #

¼
2b cosðkx1Þ

pĒs

Z W=2

�W=2
½Y0ðkjt2 � x2jÞ þ Y0ðkjt2 þW þ s� x2jÞ�dt2

" #
. (28)

The total potential for substrate and thin films is then obtained as

Ptot ¼WhEf �pre �
1

4
A2k2

� �
�pre þ

3

4
A2k2

� �
�

1

24
Wh3Ef k

4A2

�
b2

pĒsk2
f2rðWkÞ þ rðskÞ � 2r½ðW þ sÞk� þ r½ð2W þ sÞk�g, (29)
Fig. 8. The buckling wavelength as a function of spacing s between two thin films with identical widths of 20 mm (a) and 2 mm (b).
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where the function r is given in Eq. (17). Energy minimization gives the wave number and amplitude. Specifically, the wave
number k is determined by the following nonlinear equation

1

3p
þ

ĒsW

kEf h
3

d

dk

1

2rðWkÞ þ rðskÞ � 2r½ðW þ sÞk� þ r½ð2W þ sÞk�

� �
¼ 0. (30)

Fig. 8 shows the wavelength l versus the film spacing s for two moderately wide thin films (width W ¼ 20mm) and two
narrow thin films (width W ¼ 2mm). The material properties and film thickness (h ¼ 100 nm) are the same as those in
Fig. 6. For the two limits of film spacing s approaching infinity and zero, the wavelength l becomes that for a single film of
width W and 2W, respectively. For moderately wide thin films (W ¼ 20mm), the effect of film spacing is almost negligible
since the wavelength varies from 15.4 (s-N) to 15.0mm (s-0). For narrow thin films (W ¼ 2mm), the effect of film spacing
is significant, 12.5 (s-N)–11.2 mm (s-0). Only when the film spacing reaches about 3 times the width (i.e., 6 mm) the effect
of film spacing disappears.

6. Periodic thin films

Many experiments involve periodic thin films (e.g., Fig. 2), which are studied in this section. Let W denote the thin film
width and s the spacing. The normal stress traction on the top surface of PDMS (underneath the thin films) is still given by
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Fig. 9. The buckling wavelength as a function of number of periodic ribbons for (a) 20-mm-wide ribbons periodically separated by 20mm, and (b) 2-mm-

wide ribbons periodically separated by 2mm.
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P ¼ b cos(kx1) in Eq. (13). The normal displacement on the top surface of the substrate becomes

wsðx1; x2;0Þ ¼
4b cosðkx1Þ

pĒs

Z W=2

t2¼�W=2

1

2
Y0ðkjt2 � x2jÞ þ

X1
n¼1

Y0½kjt2 þ nðW þ sÞ � x2j�

( )
dt2. (31)

The total potential per thin film is given by

Ptot ¼
1

2
WhEf �pre �

1

4
A2k2

� �
�pre þ

3

4
A2k2

� �
�

1

48
Wh3Ef k

4A2
�

b2

pĒs

� rðWkÞ þ
X1
n¼1

fr½nðW þ sÞk�Wk� � 2r½nðW þ sÞk� þ r½nðW þ sÞkþWk�g

* +
, (32)

where the function r is given in Eq. (17). The wavelength and amplitude are determined by energy minimization.
Fig. 9 shows the wavelength l versus number of periodic ribbons for moderately wide thin films (width W ¼ 20mm)

and narrow thin films (width W ¼ 2mm). The material properties and film thickness are the same as those in Fig. 6.
Fig. 10. The normal stress on PDMS top surface obtained by ABAQUS. (a) Contour plot of normal stress and (b) PDMS top surface normal stress along the

width direction at one buckling peak.
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For moderately wide thin films (W ¼ 20mm), the effect of periodic ribbons is almost neglectable since the wavelength also
does not depend on number of ribbons (Fig. 9a). For narrow thin films (W ¼ 2 mm), the periodic ribbons are significant
because the wavelength seems to saturate up to 9 ribbons.

7. Concluding remarks

Systematic experimental and analytical studies of finite-width stiff thin-films buckling on compliant substrate are
presented in this paper. The experimental and analytical results show that both the buckling amplitude and wavelength
increase with the film width, and the analytical solution agrees very well with experiments.

This study is important to the fundamental understanding of the buckling behavior of stiff thin films on compliant
substrate. It has a wide range of applications, ranging from stretchable electronics (e.g., Khang et al., 2006), precision
metrology (Stafford et al., 2004) to sensors and prosthetic devices (Efimenko et al., 2005).
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Appendix

The normal traction at the film/substrate interface is assumed to be uniform in the x2 direction in Section 3.2. Such an
assumption holds for wide films (widthbbuckle wavelength). For relatively narrow films, we used the finite element
analysis (FEA) software ABAQUS to determine the normal stress distribution. A 4.4-mm-wide and 100-nm-thick Si thin film
covers the center of the surface of a 100 mm-thick PDMS substrate system, which is subjected to 1.3% compressive strain in
thin film direction. The thin film and substrate have the same length 63.5mm, and are modeled by the plate and three-
dimensional brick elements, respectively. To bypass solving the buckling problem using FEA, we introduce a small
imperfection that is described by A cos[(2p/l)(x1)], where A ¼ 0.05 mm and l ¼ 12.7 mm (based on the analytical analysis
given by Eq. (24)). In other words, the thin film has very small initial waveness.

The contour plot of normal stress s33 on PDMS top surface in Fig. 10(a) clearly shows that the normal stress is
approximately uniform along the thin film width direction. Fig. 10(b) shows the distribution of normal stress s33 at one
buckling peak along the x2-direction, which confirms the approximate uniformity. This analysis justifies the uniformity of
normal stress across the thin film width.
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