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Research Summary

Modeling Fracture in Carbon
Nanotubes Using a Meshless Atomic-
Scale Finite-Element Method

Xue Feng, Hanqing Jiang, Yonggang Huang, Bin Liu, and Jiun-Shyan Chen

A meshless atomic-scale computa-
tional method was developed by taking
account of structural dynamic evolu-
tion, such as atomic bond breakage and
regeneration. This method, based on en-
ergy minimization, is an extension of B.
Liu et al’s atomic-scale finite element
method (AFEM). The proposed method
is faster than the standard conjugate
gradient method and AFEM and can
thus significantly save computational
time especially in studying large-scale
problems. The bond breakage of single-
wall carbon nanotubes was studied.

INTRODUCTION

The ultimate goal of nanotechnology
is to produce multifunctional materials
directly from atoms in what is known
as the “bottom-up” method. In order to
realize this significant prospect, multi-
scale simulations encompassing atomic
information and macroscopic objects
emerged and have become a highly
pursued research area.! Large-scale,
high-efficiency computing is playing
an important and active part in the de-
velopment of multiscale simulations.
Nowadays, the fastest supercomputer
in the world can handle up to a billion
atoms in molecular dynamics simula-
tions,>* which only corresponds to a
small cube of 1 um in size. Even with
rapid advances in computer power, this
size may increase to 10 wm in 15 years
since the computer power doubles ev-
ery 18 months (Moore’s law?). There-
fore, molecular dynamics simulations
alone cannot predict the properties
and response of macroscopic materials
directly from their nano- and micro-
structures. Other atomistic methods
also have difficulties for large scales.
For example, the widely used conju-
gate gradient method in molecular me-
chanics as well as in molecular dynam-

ics is an order-N? method for which the
computational effort is proportional to
the square of the system size N (e.g.,
number of atoms). Therefore, the exist-
ing atomistic simulations cannot scale
up for multiscale simulations.

On the other hand, conventional con-
tinuum methods such as the finite ele-
ment method (FEM) are not applicable
to nanoscale components because they
were developed for macroscale prob-
lems. The phenomenological material
constitutive models make conventional
continuum methods unable to capture
the nanoscale nature. These continuum
constitutive models in conventional
FEM cannot accurately predict the re-
sponses of discrete atoms since they
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...describe the overall significance
= of this paper?
An atomic-scale computational
3 method is proposed in this paper
which is faster than the standard
conjugate gradient. This method
is powerful for simulating dynamic
structural evolution, such as bond
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g dynamic evolution of nanotubes,

represent the collective behavior of
many atoms. Furthermore, most atom-
istic interactions are multi-body in na-
ture (i.e., the energy in an atomic bond
between a pair of atoms depends on the
positions of atoms both in and outside
the pair [e.g., References 5 and 6]).
This non-local dependence of energy
cannot be considered by the macro-
scopic, local constitutive model in the
conventional FEM.

An obvious gap exists between the
atomistic simulations and continuum
FEM; therefore, multiscale computa-
tional methods have emerged as a vi-
able means to study materials and sys-
tems across different length scales.”*
The idea is to combine the continuum
FEM, which represents the collective
behavior of atoms but significantly re-
duces the degrees of freedom, with at-
omistic simulation methods that accu-
rately capture nanoscale physical laws.

One approach is to use the atomis-
tic simulation methods for domains in
which the discrete motion of atoms is
important and must be accounted for,
and use the continuum FEM for the rest
where the response of materials and
systems can be represented by the con-
tinuum models.>'* Artificial interfaces
between atomistic and continuum do-
mains were introduced to bridge these
two domains, which require interfacial
conditions and add significant compu-
tational efforts, and therefore may lead
to computational errors.

Another approach in the atomistic—
continuum linkage is the quasicontin-
uum method,?*? which involves both
discrete atoms and continuum solids.
This method can also account for nonlo-
cal effects. The continuum solids are
characterized based on the interatomic
potential (multi-body atomistic inter-
actions) via the Cauchy-Born rule®
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Figure 1. The atomic bond between
carbon atoms i and j, as well as their first
nearest-neighbor atoms.

in which the continuum strain energy
density is obtained from the energy
stored in atomic bonds. However, ghost
force appears at the interface between
the domains of (local) continuum and
(non-local) atomistic simulations in the
quasicontinuum method.** Moreover,
the quasicontinuum analysis uses the
conjugate gradient method,?” which is
an order-N? method and is not suitable
for large problems.

Recently, B. Liu et al.*'*? developed
an atomic-scale finite-element method
(AFEM) that is faster and as accurate
as molecular mechanics simulations.
The method deals with discrete at-
oms that interact according to multi-
body atomistic potential. Depending
on multi-body atomistic interactions,
a material-specific element was de-
veloped to include the nonlocal effect
within a single element. Compared
with the widely used conjugate gradi-
ent method, AFEM is a fast method
for convergence on static equilibrium
positions. Since AFEM has the same
theoretical framework of conventional
FEM, AFEM and conventional FEM
combined provide a powerful tool for
static multiscale simulations.

Elements play an important role in
the development of AFEM to include
the multi-body atomistic interactions in
the framework of conventional FEM.
However, elements also introduce a
drawback for AFEM: atomic structural
evolution needs additional efforts to re-
generate elements and thus additional
computational costs are required. In
order to overcome this drawback and
keep the advantage of AFEM (i.e., the
multi-body atomistic interactions in the
framework of FEM), the authors ex-

tended AFEM by a meshless method.
The existing AFEM has to extablish the
mesh and element in the computation
as the conventional FEM. However,
the proposed meshless AFEM involves
no “element.”” The common elements
ensemble does not exist anymore and
therefore the meshless AFEM is more
computationally efficient than AFEM.
The atomic structural evolution, such
as bonding breaking and fracture, can
be coherently studied without involv-
ing additional computational costs to
re-generate elements.

Since both the meshless AFEM and
the original AFEM depend on the na-
ture of multi-body atomistic interac-
tions, the multi-body atomistic interac-
tion for carbon were studied.

MULTI-BODY INTERATOMIC
POTENTIAL FOR CARBON

The Brenner potential® is expressed
as Equation 1, where i and j denote two
carbon atoms at the ends of the bond,
and r, is the bond length. V and V, are
the pair terms (i.e., depending only on
the bond length r,) that represent the
repulsive and attractive interactions
of the carbon atoms, and are given by
Equations 2 and 3. (All equations are
shown in the table.)

The parameters D®, S, B, and R©@
are determined by fitting with known
physical properties of various types of
carbon. In particular, R® represents the
equilibrium distance of two freestand-

ing carbon atoms (i.e., without other at-
oms involved). The function f, is mere-
ly a smooth cut-off function to limit the
range of interaction between carbon
atoms, and it is given by Equation 4,
where the effective range of the cut-off
function is defined by R® and R®. Spe-
cifically, R® and R® are chosen so as
to account for interactions among only
the nearest-neighbor carbon atoms.
The term B, in Equation 1 represents
a multi-body coupling term, which re-
sults from the interaction between at-
oms 1, j, and their local environment,
and is given by Equation 5, where k de-
notes carbon atoms other than i and j,
r, is the distance between carbon atoms
i and k, and & is another fitting param-
eter. f is the aforementioned cut-off
function in Equation 4, and Gijk defines
the angle between carbon bonds i—j and
i—k, as shown in Figure 1. The function
G is given by Equation 6, where a, C,
and d, are all fitting parameters given
by Brenner. Equation 5 clearly shows
that the potential energy for bond i—j
depends on other atoms (e.g., k, m),
which is the multi-body interactions.
D.W. Brenner® determined the pa-
rameters D©, S, B, R®, R, R®, §, a,
Cy and d0 as
D) =6.000 eV, S=1.22, B=21nm"

R =0.1390 nm

R®=0.17 nm, R® =0.20 nm

4 =0.50000

a, = 0.00020813, ¢, =330, d,=3.5

Figure 2. (a) Atom 1 marked as a central atom, along with its neighboring atoms, in a
cylindrical carbon nanotube; (b) the AFEM element for central atom 1, which consists of
three nearest-neighbor atoms and six second nearest-neighbor atoms.
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Figure 3. The interaction range of atom

by fitting the lattice constants and bind-
ing energies of graphite, diamond, sim-
ple cubic, and face-centered-cubic (fcc)
carbon, as well as vacancy formation
energies of graphite and diamond.

ATOMIC-SCALE
FINITE-ELEMENT METHOD:
A BRIEF REVIEW

The basic concept on which AFEM
is built is static equilibrium, which cor-
responds to a state of minimal energy.
Therefore, AFEM seeks to identify a
minimal energy state and has the same
theoretical framework of conventional
FEM. The difference between AFEM
and conventional FEM is the former
deals with discrete atoms while the lat-
ter focuses on a finite number of ele-
ments and nodes.

For a system of N atoms, the total
potential energy stored in the atomic
bonds is given in Equation 7, where
U, (x) is the atomistic potential energy
(e.g., Brenner’s potential for carbon)
that depends on the atom positions x =
X, X, ..., X)), and Fi is the external
force (if there is any) exerted on atom
“1”” The state of minimal energy cor-
responds to Equation 8.

The Taylorexpansionof E_ aroundan
initial position x” = (x©,x©,...,x0)T
(that is usually not corresponding to
equilibrium) gives Equation 9.

The governing equation for the dis-
placement u = x — x© is obtained by
substituting Equation 9 into Equation 8
as shown in Equation 10. Equation 11
is the stiffness matrix, Equation 12 is
the non-equilibrium force vector, and
F= (Fl,Fz,...,FN)T . The stiffness ma-
trix K and non-equilibrium force vector
P are evaluated in each iteration step.
Equation 10 is solved iteratively until
P = 0. The governing equation (Equa-
tion 10) is the same as that for conven-
tional FEM and that is why AFEM has

the same theoretical framework as con-
ventional FEM.

Since both K and P depend on the
interatomic potential energy either
from the second-order or first-order
derivatives of the potential energy U, ,
the AFEM elements are material spe-
cific (i.e., they depend on the atomic
structure and nearest-neighbor and sec-
ond nearest-neighbor interactions). An
AFEM element for carbon nanotubes is
shown in Figure 2. As shown in Figure
2a, each carbon atom (e.g., atom #1) on
a carbon nanotube interacts with three
nearest-neighbor (local) atoms (e.g., 2,
5, and 8) and six second nearest-neigh-
bor (nonlocal) atoms (e.g., 3,4,6,7,9,
and 10). The AFEM element therefore
consists of 10 carbon atoms (Figure
2b), namely the central atom 1, near-

est-neighbor atoms 2, 5, and 8, and sec-
ond nearest-neighbor atoms 3, 4, 6, 7,
9, and 10. Such an element captures the
nonlocal interactions between the cen-
tral atom and other atoms in this single
element.

The element stiffness matrix and the
non-equilibrium force vector are then
given by Equations 13 and 14, where

U
— —w©t and

i ranges from 2 to 10 in
0x,0X,

Fl is the external force (if there is any)
exerted on the central atom in this ele-
ment. It is noticeable that the non-zero
components in the above element stiff-
ness matrix are limited to the top three
rows and the left three columns, which
is very different from the element stiff-

ness matrix in conventional FEM be-

Equations
v(r‘i):vﬁ(ru) 2(B”+Bﬂ) VA(rU) (1)
wo=ge ™) @
V,(r)= %e’\gﬁow)g (r) )
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cause the AFEM element focuses on
the central atom. In other words, there
are “N” AFEM elements for a system
with “N” atoms.

Despite the same theoretical frame-
work of FEM and AFEM, AFEM has
several distinctions with FEM. First,
AFEM takes atoms as FEM notes so
there are no shape functions to inter-
polate with the element. Second, an
AFEM element for carbon overlaps in
space with neighbor elements.

In fact, this overlap enables one to
accurately account for the nonlocal
(multi-body) effect within a single ele-
ment. Such an overlap does not double
count the element contribution to the
global stiffness matrix K and non-equi-
librium force vector P due to the factor
172.

MESHLESS ATOMIC-SCALE
FINITE ELEMENT METHOD

The AFEM element, for example the
element for carbon shown in Figure 2b,
is a key concept to consider the nonlo-
cal atomistic interactions within a sin-
gle element. However, this element
also leads to some restrictions in some
applications when the structural evolu-
tion occurs. Structural evolution in-
cludes bond breaking and formation,
which change the conformation of ele-
ment. For instance, if bond 2-3 breaks
in Figure 2b, atom 1 does not interact
with atom 3 and therefore the element
with atom 1 as the central atom will
change. This element conformation
change will cause re-meshing, which
requires significant computational re-

Equations
Ku=P (10)
- azEtol azutol (1 1)
OXOX |, yo  OXOX|y_yo
IS B Y (12)
ox X=X ox X=X
( azuto( ] (l aZU(ot J
Kelemen( = axwax‘ 3x3 2 BX1ax‘ 3x27 (13)
l aZU(cI (0)
2 Bx@)xw s 27x27
E _ aUtol
Pelement — ax1 ot (14)
0)27x1
U, e !
=—"1 if j is inside of R
b oxox, :
K, =0, if jis outside of Ri (15)
Ax = (ranf() - 0.5) & (16)
X = Xyq + AX (17)
X +u (18)

new

sources if conducted by existing
AFEM.

Interaction Range

Atomistic interactions are short-
ranged, which means that one atom
only interacts with a limited number of
atoms nearby. For carbon nanotubes, as
shown in Figure 2b, one atom only in-
teracts with 9 atoms, three nearest-
neighbor atoms (local), and six second
nearest-neighbor atoms (nonlocal). In
fact, the number of atoms involved in a
single element is determined by the
cutoff distance, such as R® = 0.2 nm
for Brenner’s® potential. Therefore, in-
stead of the involvement of an AFEM
element, the nonlocal effect can be
simply characterized by the interaction
range (0.2 nm, for instance, for car-
bon).

For an atom i, the interaction range
R is given by the interatomic potential.
Figure 3, for example, shows the inter-
action range R! for carbon atom i, where
the atoms inside this range R! have in-
teractions with atom i, while those out-
side the circle do not interact with atom
i. Therefore, the component of the stiff-
ness matrix K can be expressed as
Equation 15.

Thus for each atom in the system,
the stiffness matrix K and non-equilib-
rium force vector P are calculated by
the summation of the contributions of
all atoms within the interaction range.
Therefore, the meshless AFEM is able
to obtain the global stiffness matrix
without element assembly and thus re-
duce the computational cost. This sum-
mation over all atoms within the inter-
action range is similar to element as-
sembly used in AFEM (as well as in
conventional FEM), but does not in-
volve the “element” concept; the mesh-
less AFEM is able to study the struc-
tural evolution without element re-gen-
eration.

Structural Evolution

Both external load and disordered
disturbance (e.g., thermal fluctuation)
about each atom’s static equilibrium
position lead to structural evolution.
From the thermodynamics perspective,
the disordered disturbance is given by
Equation 16, where § is the vector of
disturbance and ranf() is a random num-
ber between 0 and 1. The molecular dy-
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namics simulations were conducted at
room temperature to determine the dis-
turbance vector 8. The atomic position
X, at the beginning of each incremen-
tal step (not in equilibrium) is the ac-
cumulation of the equilibrium position
x , for the previous incremental step
(depending on external load) and the
disturbance Ax, as in Equation 17.

Based upon this atomic position
X bond breaking is then exam-
ined by checking if the bond length is
larger than the cutoff distance (R® for
Brenner’s potential). If the bond breaks,
the neighbors of atoms involved will
be re-formed based on the interaction
range and the new stiffness matrix K
and non-equilibrium force vector P
are determined. By solving the govern-
ing equation K, u =P . the equilib-
rium position X is obtained by Equa-
tion 18.

trial

Xolg and uy from Previous
Incremental Step

Next the total atomistic energy U,
for the new configuration due to disor-
dered disturbance Ax is calculated. If
U . <U_, (total system energy for pre-
vious atomic position x,,)» the disor-
dered disturbance-induced new config-
uration is more energetically favorable
and will be considered as an acceptable
configuration (i.e., x  will be the input
for the next incremental step). Other-
wise, the disturbance is unacceptable
and the equilibrium position x , is still
the input for the next incremental step.
Figure 4 demonstrates the program
flowchart for studying the structural
evolution by introducing disordered
disturbance.

RESULTS

Figure 5 compares the computational
cost of meshless AFEM with the origi-
nal AFEM by studying carbon nano-

Q:l Ax = (ranf()-0.5) 5

A4

Xirial = Xoig + AX

N

Check Bond Breaking and Form
Updated Kig; and Py

N

‘ Solve Kmal ad =Pma|

N

‘ Xngw = Xirig) + U

AV

‘ Calculate Uney

Yes

Disturbance is Unacceptable; xqi4 as
Inputs for Next Incremental Step

Disturbance is Acceptable; xnqy as
Inputs for Next Incremental Step

Figure 4. A flowchart on studying the structural evolution by introducing disordered
disturbance using the meshless atomic-scale finite element method.

tube bending. Simulations were con-
ducted for four (5,5) armchair carbon
nanotubes with 400, 800, 1,600, and
3,200 atoms without involving bond-
ing breakage. The carbon nanotubes,
which are initially straight with two
ends fixed, are subject to the same lat-
eral force of 50 eV/nm = 8.0 nN in the
middle. Central processing unit (CPU)
times and deformed configurations for
the four cases are shown in Figure 5.
The meshless AFEM uses less CPU
time than that for AFEM (on a personal
computer with 2.8 GHz CPU and 1
GB memory). The high efficiency of
the meshless AFEM is mainly due to
bypassing the element assembling ef-
forts involved in AFEM. Moreover,
both meshless AFEM and AFEM dis-
play an approximate linear dependence
on the system size N. This is because
the above four cases have well-defined
atomic structures and interatomic po-
tentials as well as localized loads (only
at the center of the carbon nanotubes).

The bond breakage and fracture of
carbon nanotubes was studied follow-
ing the procedure given in Figure 4.
Figure 6 shows the force-strain curve
for a perfect (5,5) carbon nanotube
(without initial defect) and an initially
defective (5,5) carbon nanotube (with
initial defect) subject to tension. The
defective carbon nanotube has four
broken bonds before the axial tensile
load is imposed. The planar configura-
tion of the perfect and defective car-
bon nanotubes are shown in the inset
of Figure 6. In order to compare with
experiments, force-strain curve is used
instead of conventional force-displace-
ment curve. The disordered disturbance
leads to bond breakage when the tensile
strain reaches ~23% for the perfect (5,5)
carbon nanotube and ~12% for the de-
fective (5,5) carbon nanotube. For both
cases, upon bond breakage, the force
has a sudden drop and the carbon nano-
tubes quickly fracture, which indicates
that the fracture of the carbon nanotube
is brittle. A similar phenomenon was
also observed in ML.FE. Yu et al.’s* ex-
periments that showed a sudden drop
of force curve when the tensile strain
reaches the failure value. The fracture
procedure of the defective (5,5) carbon
nanotube is shown in Figure 7. Since
the disturbance is randomly imposed
based on Equation 16, the next broken

54

www.tms.org/jom.html

JOM e April 2008



80
60
g 40 -
QE’ Original AFEM
&
E 204
o Figure 5. The CPU time of
original and meshless atomic-
04 . scale finite element methods
_‘> (AFEM) for four sets of (5,5)
/ : . 3 : i 4 carbon nanotubes.
0 800 1,600 2400 3,200
Number of Atoms
500
Perfect carbon nanotube
400+
~ 300+ /4
P4 2
£ s
g 2004 / E Initial defective bonds
e g b ANA oo
2 ' b \
Figure 6. The force-strain relation- 1004 /
ship for a perfect (5,5) carbon !
nanotube and an initially defective i
(5,5) carbon nanotube. 0 . — : . I
0 5 10 15 20 25
Strain (%)

/

STEP 1

Beet

\ \

—

TEP 2

w

Figure 7. The fracture procedure of an initially defective (5,5) carbon nanotube.

bond is not pre-determined. Therefore,
Figure 7 only shows one simulated
fracture procedure among all possible
ways. In the calculated fracture proce-
dure, the fracture strain falls within a
very narrow region of 12%.

CONCLUSION

By updating interaction range ac-
cording to current positions of atoms,
the proposed method can study the
structural evolution of atomic struc-
ture. The fracture process and crack
propagating of carbon nanotubes can
be studied via the proposed method.
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