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Abstract

We have established the cohesive law for interfaces between a carbon nanotube (CNT) and
polymer that are not well bonded and are characterized by the van der Waals force. The tensile
cohesive strength and cohesive energy are given in terms of the area density of carbon nanotube and
volume density of polymer, as well as the parameters in the van der Waals force. For a CNT in an
infinite polymer, the shear cohesive stress vanishes, and the tensile cohesive stress depends only on
the opening displacement. For a CNT in a finite polymer matrix, the tensile cohesive stress remains
the same, but the shear cohesive stress depends on both opening and sliding displacements, i.e., the
tension/shear coupling. The simple, analytical expressions of the cohesive law are useful to study the
interaction between CNT and polymer, such as in CNT-reinforced composites. The effect of polymer
surface roughness on the cohesive law is also studied.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Carbon nanotubes (CNT) display superior mechanical properties, and have been used as
reinforcements in polymer matrix composites (e.g., Thostenson et al., 2001, 2005;
Maruyama and Alam, 2002; Deepak et al., 2003; Breuer and Sundararaj, 2004; Harris,
2004). Carbon nanotubes usually do not bond well to polymers (Schadler et al., 1998;
Ajayan et al., 2000; Lau and Shi, 2002) such that their interaction is the van der Waals
force (Liao and Li, 2001; Frankland et al., 2002; Li and Chou, 2003; Wong et al., 2003;
Gou et al., 2004), which is much weaker than covalent bonds. This leads to sliding of CNT
in polymer matrix when subjected to loading.

Continuum models have been developed for CNT-reinforced polymer matrix
composites (e.g., Odegard et al., 2002, 2003; Liu and Chen, 2003; Li and Chou, 2003;
Thostenson and Chou, 2003; Shi et al., 2004). As compared to atomistic simulations such
as molecular dynamics, continuum models are not constrained on the length and time
scales, and are suitable for the study of nanocomposites. However, modeling of CNT/
polymer interfaces has always been a challenge because it is difficult to account for the van
der Waals force in continuum models.

Cohesive zone models have been widely used in the continuum study of interface
debonding and sliding in composites (e.g., Needleman, 1987; Camacho and Ortiz, 1996;
Geubelle and Baylor, 1998). A cohesive zone model assumes a relation between the normal
(and shear) traction(s) and the opening (and sliding) displacement(s). When implemented
in the finite element method, the cohesive zone model is capable of simulating interface
debonding and sliding (e.g., Huang and Gao, 2001; Zhang et al., 2002; Kubair et al., 2002,
2003; Samudrala et al., 2002, 2003; Thiagarajan et al., 2004a, b; Tan et al., 2005a, b, 20006).
The existing cohesive models are all phenomenological because it is difficult to measure
directly the cohesive laws for interfaces. There are some recent experimental studies of
microscale cohesive laws (e.g., Li et al., 1987; Guo et al., 1999; Mohammed and Liechti,
2000; Bazant, 2002; Elices et al., 2002; Hong and Kim, 2003; Tan et al., 2005b), but none
on nanoscale cohesive laws such as the CNT/polymer interfaces.

The purpose of this paper is to establish a cohesive law for CNT/polymer interfaces
directly from the van der Waals force. It focuses on the van der Waals force, and does not
consider the possible chemical bonding even though the latter may contribute to CNT/
polymer interactions (e.g., Namilae and Chandra, 2005; Thostenson et al., 2005). The
energy between two atoms of distance r due to van der Waals force is usually represented
by the Lennard—Jones 6—12 potential,

12 6
V(r)=4e(%—:—6>, (1.1)

where /20 is the equilibrium distance between the atoms, ¢ is the bond energy at the
equilibrium distance, and they take the values ¢ = 0.004656eV and ¢ = 0.3825nm for
carbon atoms of the CNT and the -CH,— units of polyethylene (Frankland et al., 2003). In
Section 2.1, we establish a cohesive law for a graphene and polymer molecules based on the
van der Waals force in (1.1). We extend such an approach to a CNT in an infinite polymer
in Section 2.2. The effect of finite polymer boundary (e.g., traction-free surface) is studied
in Section 3. These analytical cohesive laws are suitable for the study of CNT-reinforced
polymer matrix composites. In Section 4, we derive the cohesive law for an arbitrary pair
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potential which includes the Lennard-Jones 6-12 potential (1.1) as a special case. The
effect of CNT and polymer surface waviness is discussed in Section 5.

2. The cohesive law for a carbon nanotube in an infinite polymer matrix
2.1. Graphene/polymer

We first neglect the effect of CNT radius and study the interaction between a graphene (i.e.,
an infinite plane of carbon atoms) and polymer. The graphene is parallel to the polymer
surface, and /1 denotes their equilibrium distance (Fig. 1a). In order to establish a continuum
cohesive law, we homogenize carbon atoms on the graphene and represent them by an area
density p., where p. is related to the equilibrium bond length /, of graphene prior to
deformation by p, = 4 / (3«/?1(2)). The effect of homogenization to represent discrete carbon
atoms by the area density is discussed in Section 6. The number of carbon atoms over an area
dA on the graphene is p.dA. Similarly, the volume density of polymer molecules is denoted
by pp, and the number of polymer molecules over a volume dV'is p,dV.

The distance between a point (0,0) on the graphene and a point (x, z) (x<—h, z=0) in the
polymer (Fig. 1a) is r = +/x2 + z2. The energy due to the van der Waals force is given by V(r)
in (1.1). For an infinitesimal area dA4, the energy stored due to the van der Waals force is

—h 00
Pe dA/ V(r)pp AV polymer = 270,,p, dA/ dx/ V(r)zdz. (2.1)
Vpol)mer —00 0
The cohesive energy @ is the energy per unit area, and is given by

21 20 a3
—anppc/ dx/ V(r)zdz = — 3 PpPcET (15h9 h3>’ (2.2)

where /20 is the equilibrium distance in the van der Waals force and ¢ is the corres-
ponding bond energy. The equilibrium distance / is determined by minimizing the energy,
0P /oh =0, as

o\ /6
h= (§> g = 0.8580. (2.3)
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Fig. 1. A schematic diagram of a graphene parallel to the surface of an infinite polymer: (a) the distance between
the graphene and polymer surface is /; (b) the graphene is subjected to the opening and sliding displacements.
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For the opening displacement v and sliding displacement u beyond the equilibrium distance /,
as shown in Fig. 1b, the cohesive energy can be similarly obtained as

247 a3

15(h+v)°  (h+v))
which can also be obtained from (2.2) by simply replacing 4 with 4+ v. Eq. (2.4) is
independent of the sliding displacement u because sliding does not change the van der Waals
force for infinite graphene and polymer. This leads to a vanishing shear cohesive stress

0P
Tcohesive = u =0. (2.5)

_2n

[0 3 pppcsa3 (2.4)

The tensile cohesive stress is obtained from (2.4) as
0P ) [ o 2010
Ocohesive = =— = 2T &q — .
cohesive v pppc (h + 1))4 S(h + 1))10

Egs. (2.5) and (2.6) give the cohesive law for graphene/polymer based on the van der Waals
force. Such a cohesive law gives the following cohesive properties:

(2.6)

(D) initial slope (docohesive /dv at v = 0) = 30 (%)1/6npppcsa;
(2) cohesive strength (maximum cohesive stress) omax = & p,p.07;

() critical separation 5y =0 — h = [1 -3 1/ 6} o at which the cohesive strength is reached;

and
(4) total cohesive energy (area underneath the g.opesive™~0 curve) @yora) = %“ \épppcsa3.

The cohesive law in (2.4) and (2.6) can be rewritten in terms of the cohesive strength o,
and total cohesive energy @, as
_ ¢total 1 3

2 {1+0.682%vr—[14_0.682%0}3 ’ 2.7)

o

1 1
Gcohesive = 3.070max - . (2.8)

[1+06828m ] 106825 0]"

The initial slope and critical separation are given in terms of .., and @ by
12.6 62,/ Proral and 0.242 ®o1a1/Timax, respectively.

2.2. Carbon nanotube/polymer

We now account for the effect of CNT radius and study a CNT embedded in an infinite
polymer matrix. Let # now denote the equilibrium distance between the CNT and polymer
surface (Fig. 2). We homogenize carbon atoms on the CNT and represent them by an area
density p. (which may be slightly different from the area density of graphene due to the
effect of CNT radius). The volume density of polymer molecules is still denoted by p,,.
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CNT

Fig. 2. A schematic diagram of a carbon nanotube (CNT) in a polymer matrix. The CNT radius is R, and the
distance between the CNT and polymer surface is /.

The cylindrical coordinates (R, 0, z) are used, where z denotes the central axis of the
CNT. Without losing generality, we take a point (R, 0, 0) on the CNT and a point ({, 0, z)
({=R+h) in the polymer, where R is the CNT radius. The distance between these two

points is r = \/Cz — 2R cos 0+ R?> + z2. The energy due to the van der Waals force is still
given by V(r) in (1.1).

We examine a section of CNT and polymer with height dz. The energy stored in this
section due to the van der Waals force is

00 2n 00
p2nR dz/ V(r)pp AV polymer = 27ppp R dz/ CdC/ d9/ V(ndz, (2.9)
Vpolymcr R+h 0 —00

where r = \/Cz — 2R{ cos 04 R?> 4 z’>. The cohesive energy @ is the energy per unit area,
and is given by

o _ 2TPppeR Az Jrn CAC[37d0 [, V() dZ ppeR [ro, CAC 57 d0 [, V() dZ
B 2n(R+1%)dz B R+4

El

(2.10)

where 2n(R+ h/2)dz is the average of CNT area 2nRdz and polymer surface area
2n(R + h)dz. The above triple integral can be simplified to a single integral in Appendix A.
Fig. 3 shows the cohesive energy, normalized by the total cohesive energy for graphene

Dol = %\/épppcea3, versus the distance /2 between the CNT and polymer surface for

several CNT radii, where / is normalized by its equilibrium value (%)l/ % in (2.3) for

graphene, and ¢ = 0.3825nm is the characteristic length in the van der Waals force. The
curves for different CNTs are very close, and they are all close to that for graphene. This
suggests that the CNT radius has little effect on the cohesive energy. Each curve has a
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Fig. 3. The cohesive energy, normalized by the total cohesive energy @, for graphene, versus the distance 7
between the carbon nanotube (CNT) and polymer surface for several CNT radii and graphene, where / is
normalized by its equilibrium value (%)1 %6 for graphehe, and ¢ = 0.3825 nm is the characteristic length in the van
der Waals force.

minimum, corresponding to the equilibrium distance between the CNT and polymer

surface, and this distance is very close to (%)1/60.

Similar to graphene, the cohesive energy for a CNT in an infinite polymer matrix is
independent of the sliding displacement u such that the shear cohesive stress vanishes.
Since the effect of CNT radius is small as shown in Fig. 3, the cohesive energy and tensile
cohesive stress are still given approximately by (2.4) and (2.6), respectively, and the
cohesive law in (2.7) and (2.8) also holds. Fig. 4 shows the tensile cohesive stress oconesives
normalized by the cohesive strength ¢, versus the normalized opening displacement
v/d¢, where 09 = 0.242 @441/ omax is the critical separation at which the cohesive strength is
reached, and dy = 0.0542 nm for CNTs/polyethylene. The cohesive stress increases rapidly
at small opening displacement, and gradually decreases after the cohesive strength is
reached.

3. The cohesive law for a carbon nanotube in a finite polymer matrix

We first study the interaction between a graphene and polymer that overlap over a
length L, as shown in Fig. 5. The distance between the graphene and polymer surface is 4.
The area density of the graphene and volume density of polymer molecules are p. and pp,
respectively.

Fig. 5 shows the Cartesian coordinates (x, y, z), where x is the direction normal to the
graphene (and polymer surface), and y is along the graphene free edge. The graphene free
edge is represented by (0, y, 0) while the free edge of polymer surface is (=4, y, L). Without
losing generality we consider a point (0, 0, z.) (zc > 0) on the graphene, and a point (x, y, z;,)
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Fig. 4. The tensile cohesive stress Gconesive» NOrmalized by the cohesive strength ¢,,.., versus the normalized
opening displacement v/dg, where dy = 0.242 Pyo1a1/0may is the critical separation at which the cohesive strength is
reached, and d, = 0.0542 nm for carbon nanotubes/polyethylene.
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Fig. 5. A schematic diagram of a graphene parallel to the surface of a semi-infinite polymer; the graphene/
polymer overlap length is L, and the distance between the graphene and polymer surface is /.

(x< —h, z,<L) in the polymer (Fig. 5). The distance between these two points is

r= \/x2 +)? + (zp — zc)z. The energy due to van der Waals force is given by V(r) in (1.1).
Unlike the analysis in Section 2, the deformation for finite graphene and polymer is non-
uniform. We define the energy per unit thickness &y, (along the free edge) stored due to
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van der Waals forces as

Diipe = / Pc dzc / V(r)pp d Vpolymer

V polymer

_pppc/ dz, /_hdx/ dy/ V(r)dzp, 3.1

which can be integrated analytically to give

2 2 3t A A
N (1 + 8L°) I+ L (1 + 128LZ T 161" B
1510 694* _ 154* _ 9h°

2n
Dline = = PpPctd 188/ 128/ (P+L2) 128/ (W +12)

e [ (1 +2L’) i +L2(1 _2’117)}
(3.2)

For the overlap length L (Fig. 5) larger than 4, the Taylor expansion of (3.2) with respect
to h/L gives

2¢° o "

&

lee(L h) pppc (15/’19 - h3> |:1 + 0(L3):| (33)
where Z p p .co’ (% - Z—:) is identical to (2.2) for infinite graphene and polymer matrix;

the terms neglected are on the order of 4#°/L*, and therefore are very small. The equilibrium
distance /& determined from 0@y, /0h = 0 is

0.3
= o.sssa[l + o(ﬁ)], (3.4)

which is essentially the same as (2.3) for infinite graphene and polymer. Fig. 6 compares
the energy &y, given by the exact solution (3.2) and approximate solution (3.3), where
Diine 1s normalized by @1/, and the equilibrium distance 4 is taken as 0.858¢. For length
L>h, (3.3) is an excellent approximation of the exact solution (3.2).

For the opening displacement v and sliding displacement u# beyond the equilibrium
distance &, @y, is obtained from (3.2) by replacing L and /& with L —u and &+ v,
respectively, i.e.,

Pline = gDline(L —Uu, h+ U)- (35)
It depends on the sliding and opening displacements through the current overlap length

L — u and distance /1 4+ v between the graphene and polymer surface. For L — u>h + v, the
Taylor expansion in (3.3) becomes

207 a’
15(0.8580 +v)°  (0.8580 + v)°
where /1 has been replaced by 0.8580.

The tangential and normal forces (per unit thickness along the graphene free edge) are
ou 3 PePef (0.8580 +v)® 15(0.8580 + v)°

@Ime(L h) pppc |: :|(L - H), (36)

3.7)
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Fig. 6. The energy @y, normalized by @, /1, versus the normalized overlap length L/h, where @, is the total
cohesive energy for graphene and / is the distance between graphene and polymer surface.

a* 2010

(0.8585 +v)*  5(0.8580 + v)'°

0Py
Frormal = Fne ~ 27Ipppcsaz {

](L —u). (3.8)

We define the average shear and tensile cohesive stresses over the current overlap length
L — uas

Teohesive = Ftangent s 2_7Tp p SO_2|: 0-3 — 209 :| ¢ (3 9)
cohesive L_u 3 Fple (0.858¢ + 0)3 15(0.858¢ + 0)9 L—uw .
Frormal 2 [ ot 2010 :|
o Fwma o, - ’ 3.10
cohesive L—_u PpPe (0.858¢0 + U)4 5(0.8580 + U)lo ( :

where the terms neglected are on the order of (¢/(L — u))3.

Eqgs. (3.9) and (3.10) give the cohesive law for a finite graphene/polymer based on the
van der Waals force. The average tensile cohesive stress oeonesive 18 identical to (2.6) for an
infinite graphene/polymer, and does not depend on the sliding displacement u. Therefore
the tensile cohesive law (2.8) given in terms of the cohesive strength o,,,., and total cohesive
energy @y still holds. The average shear cohesive stress Tegpesive 1 (3.9) is much smaller
than o ohesive because L — u> o, and it depends on both sliding and opening displacements,
u and v, i.e., tension/shear coupling in the cohesive law. The shear cohesive law (3.9) can be
rewritten in terms of the cohesive strength o,,,, and total cohesive energy @ as
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Fig. 7. The average shear cohesive stress T.opesives NOrmalized by the current overlap length L —u and total
cohesive energy @, versus the normalized opening displacement v/dg, where dy = 0.242 @yoa1/0max 1S the
critical separation at which the tensile cohesive strength is reached, and dy = 0.0542nm for CNTs/polyethylene.

X 3 1 )
Teohesive = "“2“ - total (3.11)

3 9 — .
1+0.682%v} [1+o,682%0 Gimax(L — 1)

Fig. 7 shows the average shear cohesive stress Tconesive Normalized by the current overlap
length L—u and total cohesive energy @opa1, (L — U)Teonesive/ Protal, Versus the normalized
opening displacement v/dy, where dg = 0.242 @01/ Timax 1s the critical separation at which
the tensile cohesive strength is reached, and ) = 0.0542 nm for CNTs/polyethylene. The
average shear cohesive stress is not zero even at v = 0, because the two sides of the overlap
length L are not symmetric such that the tangential force does not vanish. In fact, at v =0
Teohesive Nas @ zero slope and a maximum @yo,1 /(L — 1), which is much smaller than o,
and Teonesive decreases monotonically as v increases.

Similar to Section 2.2, the effect of CNT radius is small such that the analytical
expressions of the cohesive law for graphene/polymer can be effectively used for CNT/
polymer.

4. The cohesive law for an arbitrary pair potential

In this section, we extend the cohesive laws in Sections 2 and 3 for an arbitrary pair
potential V(r), which includes the Lennard—Jones 6—12 potential (1.1) as a special case. For
an infinite matrix as in Section 2, the cohesive energy in (2.2) or (2.10) for an arbitrary pair
potential V(r) becomes
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—h o9 00
0 =2mppp. [ dx [ Vzdz=2mpp [ VNG - @1
—00 0 h

where r = +/x2 + z2, and we have exchanged the order of integrations to give the single
integral in (4.1). The equilibrium distance % is determined from energy minimization
0@ /0h = 0, which gives f,fo V(r)rdr =0. For the opening displacement v beyond the
equilibrium distance /, the cohesive energy is obtained by simply replacing / with & + v,

@ =2np,p, /OQ V(ryr(r— h —v)dr, 4.2)

h+v

which gives vanishing shear cohesive stress Tcohesive = 0P/0u =0 and a finite tensile
cohesive stress

Ocohesive = %—f = —2npppc/ V(r)rdr. 4.3)

h+v

Eqgs. (4.2) and (4.3) give the cohesive law for an arbitrary pair potential V(r).
For a finite matrix with the overlap length L as in Section 3, the energy per unit thickness

Diine = pype fo dze f__fo dx [% dy f_Loo V{\/x2 + 32+ (zp — zc)z} dz, in (3.1) can be re-

written via the change of integration variables & = z,—z. and n = z,+z. as

Pine = o [ o: a [ [ ;(L - é)V<\/x2 I 52) az. (4.4)

By further change of integration variables r = 1/x? + y2 + &% and 0 = tan~'y/x, (4.4) can
be expressed as

Pine = 20,0, / V@) f(r.h L)dr, @.5)
h
where
min («/ rz—hz,L)

S h L) = (L — &)cos™!

h
A2 i? 1?2 — 52
and min stands for the minimum between two variables. For L>h, f(r, h, L) approaches
n(r — h)L such that (4.5) becomes

dc,

Dipe ~ 27rpppc/ V(ryr(r— h)ydr L, (4.6)
h

where 2np,p, fh°° V(r)r(r — h)dr is identical to (4.1). For the opening displacement v and
sliding displacement u beyond the equilibrium distance /1, @y;,. is obtained from (4.6) by
simply replacing L and /& with L — u and & + v, respectively,

o0
PDiine ~ 21p, P, / V(r)r(r —h —v)dr(L — u). (4.7)

h+v
The tangential and normal forces (per unit thickness along the graphene free edge)
are Ftangent = a(g:,ne ~ _2npppc fhoip V(V)V(r’ —h— U) dr and Frormal = aqg'i,“ R —27'Epp,00

f;:iv V(r)rdr(L — u). The average shear cohesive stress over the current overlap length
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L—uis

2np,pe [

Tcohesive ~ — L—pC/ V(V)V(V —h— U) dr. (48)
—U Jhto

The average tensile cohesive stress is the same as (4.3). Egs. (4.3) and (4.8) give the cohesive

law for a finite matrix based on an arbitrary pair potential V(r).

5. Polymer surface roughness

The polymer surface is assumed to be flat in Sections 2—4, which neglects the polymer
surface roughness. Polymer of chain molecules exhibits irregular surface structure and
roughness (e.g., Lordi and Yao, 2000; Frankland et al., 2002, 2003; Rapaport, 2004). We
use the simple model shown in Fig. 8 to estimate the effect of polymer surface roughness
on the cohesive law. The polymer surface is wavy in z direction, and has an amplitude 4
and wavelength /. The average distance between the polymer surface and graphene is still
denoted by 4. Let x be the coordinate along the normal direction of the graphene. The
distance between a point (0, 0, z.) on the graphene and a point (x, y, zp) in the polymer

(Fig. 8) is r = \/x? + )2 + (2, — zc)z, where x< — h — Acos (27[7") The average cohesive

energy for an arbitrary pair potential V(r) is given by

1 42
b= PpPe j/ dz. /V V(}’) d Vpolymer
Y= polymer

22
/2 ] 00 7117Acosh%
= pppc/ ch/ dy/ de/ V|:\/x2 +y2 + (Zp — ZC)Z:| dx, (51)
7 —A/2 —00 —00 —00
X

Graphene ———

!

v

Matrix

Fig. 8. A schematic diagram of a graphene on a wavy polymer surface that has the amplitude 4 and wavelength 4.
The average distance between the graphene and polymer surface is denoted by 4. The graphene is subjected to the
opening and sliding displacements.
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where > f ) dz. represents the average over the wavelength 4. For the opening

displacement v and sliding displacement u (along the wavy direction x) as shown in
Fig. 8, the cohesive energy can be similarly obtained by replacing x with x — v and z, — z
with z, — z. — u, respectively

pppc/_mdzc/ dy/ dzp/_h et [\/(x 0 + 32+ (2 —zc—u)ﬂdx

(+c+)

PoPe 2/2 —h—v—AcosZ )
_ PT/ dzc/ dy/ dz/ V(\/x’2+y2+z’2) 4y, (5.2)

/2

where the integration variables have been changed to z/ =z, —z. —u and X' = x — .

: : : _ 00 _ PpPe (4/2 00
The shear cohesive stress is given by Teonesive = 3, = 27A ZF f_ P dz. f_oo dy

[2, V() sinZEEEH §27 | where = \/ {h + v+ Acos ZEE= +”)] + 2 + 2. This integral
can be evaluated analytically to give
Teohesive = 0, (5.3)

i.e., the shear cohesive stress vanishes for a wavy polymer surface and flat graphene. In
fact, such a conclusion of vanishing shear cohesive stress also holds for

(1) an arbitrary periodic polymer surface and flat graphene, and
(2) an arbitrary polymer surface and wavy graphene that have the same period.

The tensile cohesive stresses is given by Geohesive = a(f =7 "A.’IC f 42 ,dze [7 dy f V(')dz,
where ' is given above. This integral can also be evaluated analytlcally to give
0 | it r—h—v
Tcohesive = —2TP P, {/ V(ryrdr — —/ V(r)yrcos ™ ——— dr|. (5.4)
hto—A T J hgvo—A A

Since the amplitude A4 of polymer wavy surface must be less than / + v (otherwise the
polymer surface penetrates the graphene), the Taylor expansion of (5.4) with respect to 4
gives

o0

cohesive = — 270 P / V(ryrdr+ gpppC[V(h +0)+ (h+0)V'(h+ )4 + O(A3).

h+v

(5.5)

Its difference with the tensile cohesive stress in (4.3) for a flat polymer surface is on the
order of 4°.

6. Concluding remarks and discussion

We have obtained the cohesive law for the carbon nanotubes/polymer interfaces based
on the van der Waals force. The cohesive law is governed by two parameters, namely the
tensile cohesive strength o,,,, and cohesive energy @.,.,; which are given in terms of the
area density of carbon nanotubes and volume density of polymer, as well as the parameters
in the van der Waals force. For a CNT in an infinite polymer, the shear cohesive stress
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Fig. 9. A simple one-dimensional model of carbon atoms and polymer molecules interacting via the van der
Waals force.

Teohesive Vanishes, and the tensile cohesive stress gconesive depends only on the opening
displacement v. For a CNT in a finite polymer matrix, conesive femains the same, but
Teohesive depends on both opening displacement v and sliding displacement u, i.e., the
tension/shear coupling. The simple, analytical expressions of the cohesive law are useful to
study the interaction between CNTs and polymer, such as in CNT-reinforced composites.
The effect of polymer surface waviness on the interface cohesive law is also studied. The
above approach can also be applied to other not well-bonded interfaces for which the van
der Waals force is the dominating mechanism of interaction.

The present analysis involves several approximations. First, the carbon atoms and
polymer molecules are homogenized and represented by the area and volume densities in
Sections 2-4. We have developed a simple model shown in Fig. 9 and Appendix B to
demonstrate that such an approximation indeed captures the average behavior of CNT/
polymer interfaces.

Another approximation is to neglect any chemical bonding between CNTs and polymer.
Even though CNTs are generally not well bonded to polymer, small amount of chemical
bonding may contribute to the interface strength, particularly the shear resistance against
interface sliding.
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Appendix A
Eq. (2.10) can be expressed as

R 2n
b = npppcsa3m/0 (09q)9 — 0'3@3) de, (A.1)

where



2450 L.Y. Jiang et al. | J. Mech. Phys. Solids 54 (2006) 24362452

7 Reos0 (4 , 65 9 pagt 3 gy )
P9 32R2 Rz(Rh N RZ)S ( h 32 11 h 32 /1 32 hix g 32

1 Rcos0
P Ry +R}), Ry =\/(R+ 1)+ R — 2R(R+ h)cos 0,

R R)(Ry+ R)”
and R, = R+ h— Rcos0.

Appendix B

For simplicity we use the one-dimensional model in Fig. 9, but the approach also holds
for two- and three-dimensional analyses. Let /2 denote the equilibrium distance between
two planes, and /. and /, the spacing between carbon atoms and between polymer
molecules, respectively. The distance between each carbon atom and a representative

polymer molecule (sitting at the origin, Fig. 9) is r, = \/h2 + (A +nl.)?, where n = 0, +1,
+2, +3,... represent all carbon atoms, A is the projected distance on the plane between the
representative polymer molecule and nearby carbon atom (Fig. 9), and it is a random
number between 0 and /. since carbon atoms and polymer molecules do not form bonds
and interact only through the van der Waals force. The energy of the representative

polymer molecule is 5 Zn, o V' (rn). Its average (with respect to 1) is T fo V() dl,

which becomes 5->"2 f("+1)l° V(\/ 1’2) d2 =5 [ V(\/ e+ ) d/ after the

change of integration variable to A = A+ nl.. The ratio of this average energy to the
spacing /, between polymer molecules gives the average energy in polymer per unit length

(for this one-dimensional model) as #p/c 1, V( VI + ,1/2) d/'. Similarly, it can be shown

that the average energy in carbon per unit length is the same such that the cohesive energy

is
2 /
”/ ( "+ i )di (B.1)

It is identical to the results obtained by homogenizing the carbon atoms and polymer
molecules first and then representing them by the length densities (for this one-dimensional
model) p, = 1/l and p, = 1/1,.
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