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Abstract

Boron-nitride nanotubes (BNNTSs) display unique properties and have many potential applications. An atomistic-based continuum
theory is developed for BNNTSs. The continuum constitutive model for BNNTSs is obtained directly from interatomic potentials for boron
and nitrogen. Such an approach involves no additional fitting parameters beyond those introduced in interatomic potentials. The
atomistic-based continuum theory is then applied to study the Young’s modulus, stress—strain curve and nonlinear bifurcation in
BNNTs. It is shown that the mechanical behavior of BNNTSs is virtually independent of the diameter and length of BNNTS, but has a

strong dependence on helicity.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Boron-nitride nanotubes (BNNTSs) represent an impor-
tant class of nanotube since they possess unique structural,
mechanical, thermal, electrical and chemical properties.
For example, zigzag BNNTs are preferred over armchair
and chiral BNNTs when grown by chemical vapor
deposition at certain conditions [1]. The Young’s modulus
of BNNTs is on the order of 1TPa [2,3], and is comparable
to that of carbon nanotubes. The thermal conductivity
along the nanotube is also very high. However, contrary to
carbon nanotubes, BNNTs always have large band gaps
regardless of the chirality and diameter, and are therefore
semiconductors. They also have good resistance to oxida-
tion at high temperature.

There are very limited experimental [4,5] and atomistic
studies e.g. [2,3,6-11] on the mechanical properties of
BNNTSs. The purpose of the present paper is to establish a
continuum theory for BNNTs based on interatomic
potentials for boron and nitrogen [12,13]. Similar to
[14,15,28,33] studies of carbon nanotubes, this atomistic-
based contunuum theory is established by modifying the
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Cauchy—Born rule for BNNTS to ensure the equilibrium of
boron and nitrogen atoms. The continuum constitutive
model is established directly from the atomic structure of
BNNTs and interatomic potentials for boron and nitrogen.
We then study the Young’s modulus, stress—strain curve
and nonlinear bifurcation of BNNTs.

This paper is structured as follows. The interatomic
potential for boron and nitrogen is summarized in
Section 2. This potential is used to establish a continuum
constitutive model for BNNTSs via the modified Cauchy—
Born rule in Section 3. The Young’s modulus and
stress—strain curve given by this atomistic-based continuum
theory are shown in Section 4. Section 5 gives the
equilibrium equation for BNNTs, while the bifurcation
analysis is presented in Section 6.

2. An interatomic potential for boron nitride

[13] established an interatomic potential for boron
nitride as

V(riy; Oj) = VR(ry) — By Va(ry), (1)

where Vz and V4 are the repulsive and attractive pair terms
that depend only on the distance r; between a pair of atoms
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i and j, and are given by

Valn) = g exp[ B8~ )] £ ),
Va(r) = ;? “exp [—ﬁ«/Z/S(r— ro)} L), )

Dy and ry are the dimmer energy and separation,
respectively, and they are given in Table 1 together with
constants S and f. It is important to note that these
constants depend on the index pair, i.e., they take different
values for boron—nitrogen, nitrogen—nitrogen, and bor-
on-boron atomistic interactions. The cutoff function f¢ in
(2) limits the interaction shell on the next neighbors inside
the radius R, and is given by

1, r<R-—D,
fery={ $—3sin[(mr — R)/(2D)], |r— RI<D, 3)
0, r=R+ D,

where R = 24 and D = 0.14 for all index pairs (i.e., for all
boron—nitrogen, nitrogen—nitrogen and boron—boron ato-
mistic interactions) as shown in Table 1. The interatomic
potential in (1) also depends on the bond angle 0, via the
multi-body coupling term By, which results from the
interaction between atoms i,j and their local environment,
and is given by

>

"o —1/(2n)
By = (1 +7 X,-J-)

X[/' = Z G(Qijk)fc(rik) eXp |:),3 (i’,‘j — }’,'k)S] N
k#ij
(,’2 cZ
GOp)=1+—=— ,
(0) & &+ (h—cos O

(4)

where k denotes atoms other than i and j, r is the distance
between atoms i and k, f¢ is the cutoff function in (3), 0
denotes the angle between bonds i—j and i—k. The constants
n, v, 4, ¢, d and h depend on the index pair ij, as shown in
Table 1.

We have verified that the interatomic potential given
above does give the correct lattice constants for cubic

Table 1
Parameters in the boron-nitride interatomic potential [12,13]

BN-interaction NNe-interaction BB-interaction

Dy(eV) 6.36 9.91 3.08

ro(A) 1.33 1.1 1.59

S 1.0769 1.0769 1.0769
pA™Y 2.043057 1.92787 1.5244506
R(A) 2.0 2.0 2.0

D(A) 0.1 0.1 0.1

n 0.364153367 0.6184432 3.9929061
y 0.000011134 0.019251 0.0000016
oA™Y 1.9925 0 0

c 1092.9287 17.7959 0.52629

d 12.38 5.9484 0.001587
h —0.5413 0 0.5

boron-nitride and hexagonal boron-nitride atomic struc-
tures (e.g., [16—18]). Albe and Moller [12], Koga et al. [19],
and Sibona et al. [20] used this interatomic potential to
investigate boron-nitride thin film growth, ion bombard-
ment in boron-nitride thin film deposition, and boron-
nitride layered materials, respectively. [10,21] investigated
the structural/thermal behavior of and defect formation in
BNNTs.

3. An atomistic-based constitutive model for boron-nitride
nanotubes

3.1. Single-wall boron-nitride nanotubes prior to
deformation

Fig. 1a shows a schematic diagram of a boron-nitride
nanotube prior to deformation. Unlike a carbon nanotube
that all carbon atoms are on the same cylindrical surface,
there exists a certain degree of buckling with boron atoms
displaced toward the tube axis and nitrogen atoms pushed
outwards [2,3,6]. Let d, and d,—2Ar denote the diameters of
cylinders for nitrogen atoms and boron atoms, respectively,
where Ar is the difference in radii of nitrogen and boron
atoms to the nanotube axis.

We extend [15] method for carbon nanotubes to BNNT
by mapping the BNNT in Fig. la to a two dimensional
planar sheet in Fig. 1b, in which 4, E and F denote boron
atoms and B, C and D denote nitrogen atoms. This can be
visualized by mapping radially the boron atoms onto the
cylindrical surface of nitrogen atoms, then cutting this
cylindrical surface (of nitrogen atoms) along its axial
direction and unrolling it to a plane without stretching.

Fig. 1c shows a representative unit cell of the ““unrolled”

— —
plane. Let a; and a, denote the vectors BC and DC,
respectively, and a; and a, be corresponding lengths. The
length of BD is denoted by a3 and the lengths of 4B and
AC are denoted by a4 and as, respectively. Other lengths
and angles in the 2D plane are completely determined by
a, ay,,...,as. For example, ¢, = ZCBD, ¢, = ZCBA,
length of AD a4, and ¢3 = ZBAD are given in terms of
a;(i=1,2,...,5) by

24 22
L ay a3 —a;

@ = Cos
! 2a1a3

>, 2 9
14 +ag—as
2a1a4

@, = cos

ag = \/a§ + a3 — 2azag cos(p; — ¢,),

2, 2 9
14+ ag— a3

2a4a6

03 = cos 5)

Fig. 1c also shows the chiral vector C;, which denotes the
circumferential direction of the BNNT on this “unrolled”
plane. The chiral vector can always be expressed in terms of

the base vectors a; and a, as

C), = na; + may, (6)
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Fig. 1. A boron-nitride nanotube (BNNT) prior to deformation: (a) a schematic diagram of BNNT; (b) a planar, “unrolled” BNNT; the solid circles
represent boron atoms, and open circles represent nitrogen atoms; and (c) a representative unit cell of the planar BNNT.

where n and m are integers, n=>m >0, and the pair (n, m) is
called the chirality of the BNNT; (#,0) and (n, n) are called
zigzag and armchair BNNTs, respectively, while n>m>0
is called a chiral BNNT. Using the fact a; - a; = a%, a -
a = a3 and 2a; - @y = a} + a3 — a3, we find

|Cyl =/ Cp- Cy = \/nza% +m?a} + mn(a} + a3 — da3).
(7
This gives the diameter of the cylinder of the nitrogen

atoms as d, = |Cy|/n. The angle between C, and B—C>‘ is
denoted by 6, and is given by

L Ch-ar  _ynai +m/2a; + a3 — a3)

0=cos ———=
|Chlay |Chlay

®)

It is important to note that the bond length and angle
used to calculate the energy stored in an atomic bond
should be evaluated for the cylindrical configuration of

BNNT (Fig. 1a), not the 2D planar one (Fig. 1b). In the
following we obtain the cylindrical coordinates (R, ©, Z)
for atoms A4, B, C, D, E and F in terms of ¢; (i = 1,2,...5)
and Ar. It is obvious that

RA :RE:RF:d,/Z—Ar,
RBZRC:RDZdI/2- (9)

Without losing generality, we may take the polar angle
®p and axial coordinate Zp of atom B as zero, i.e.,
®p = Zp = 0. The axial and polar coordinates of atoms A4,
C, D, E and F are given by

Z 4 = agsin(@, + 0),

Zc=a;sin0,

Zp = aysin(p; + 0),

Zg = a;sin0 — ag sin(p; — ¢, — 0),

Zp = a;sin0 + ag sin(g, + 0), (10)
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and 3.2. Continuum description of deformed single-wall boron-
nitride nanotube
0, 2aq cos(p, + 0)’
d; The continuum deformation measures of deformed
Oc = 2a COSG, BNNTs can be related to the motion of many atoms via
d, the Cauchy-Born rule [23,24]. The Cauchy—Born rule
6 — 2az cos(p; + 6) equates the strain energy at continuum level to the energy
b= d, ’ stored in atomic bonds. It also states that atoms subject to
2a; cos 0 4 2ag cos(p; — @, — 0) a homogeneous deformation move according to a single
Or = d, ’ mapping from the undeformed to deformed configurations.
2a; c0s 0 + 2a4 cos(p, + 0) From the continuum level, this mapping is taken to be the
OF = J . (11)  deformation gradient F = 0x/0X, where X and x denote
! positions of a material point in the undeformed and
The bond length between two atoms X and Y  deformed configurations, respectively. A bond between a
(X, Y=A,B,C,D,E,F) with coordinates (Ry,®yx,Zy) pair of atoms i and j in the undeformed configuration is
and (Ry, ®y, Zy) is given by
Fxy = \/(RX cos @y — Ry cos Oy) + (Rysin @y — Rysin Oy)’ + (Zy — Zy)*. (12)

Once all bond lengths are known, the bond angle Oxyo
can be obtained (where Q represents neighbor atoms). For
a given chirality (n,m) of the BNNT, the bond length in
(12) as well as the energy V(ryy; Oxyp) stored in bond XY
are functions of ¢; (i = 1,2,...,5) and Ar. The energy W per
unit cell is

W(al ,a2,d3,d4,ds, AV) = Wporon + Wnitrogen’
Wboron
= [V (rag; 04s0) + V(rac:0uco)+V (rap:04po)] /2.

Wnitr()gen
= [V(rca; 0cao)+V (ree; 0ceo) + V(rer; Ocro)] /2 (13)

where Wioron and Wiogen are the energy per boron and
nitrogen atom. The lengths a; (i = 1,2,...,5) and Ar can be
determined from energy minimization

%WZO’ i=12---,5,

a;

oW . (14)
aar =

Table 2 shows the diameter, bond lengths and bond
angles of different BNNTs obtained from the above
analysis. The results agree well with atomistic calculations
[2,3,6,22] also shown in Table 2. Table 2 also shows the
present analysis gives a vanishing Ar, while that obtained
by atomistic calculations is not zero but extremely small
(around 0.005nm). In fact, we have used molecular
mechanics based on the same interatomic potential [13]
given in Section 2, and the molecular mechanics calculation
indeed gives vanishing Ar prior to deformation as well as in
simple tension. Therefore, the energy Wp,,., is the same as
W itrogen Such that we can use a boron atom 4 and three
nitrogen atoms B, C and D to calculate the strain energy
density in the following sections.

described by a vector rf.;)). Upon deformation, the bond is
described by '

ry=F-r, (15)

and its length becomes

ry = R = AR (4 2E) Y, (16)

where E = %(FT - F —I) is the Green strain tensor and 7 is
the second-order identity tensor. For a centrosymmetric
lattice structure that has pair of bonds in the opposite
directions (r and —r) around each atom, the Cauchy—Born
rule ensures equilibrium of atoms because forces in the
opposite, centrosymmetric bonds are always equal
and opposite for arbitrarily imposed homogeneous
deformation.

The Cauchy—Born rule cannot be applied to BNNTs
because they do not have a centrosymmetric lattice
structure such that the Cauchy—Born rule cannot ensure
equilibrium of atoms anymore. Modifications of the
Cauchy—Born rule for non-centrosymmetric lattice struc-
tures have been proposed [15,25-28]. For example [15]
modified the Cauchy—Born rule to study carbon nano-
tubes, which have the same atomic structure as BNNTSs
except that all boron and nitrogen atoms are replaced by
carbon atoms. [15] showed that a carbon nanotube subject
to tension Ez; along the tube axis in the cylindrical
configuration is equivalent to imposing the strain
E>» = E;; in the unrolled plane followed by rolling the
deformed, “‘unrolled” plane back to a tube. Here FE,,
denotes the strain normal to Cj, direction in the “unrolled”
plane.

We follow [15] approach in the present study of BNNTSs.
Fig. 2 shows the plane ““‘unrolled” from a deformed BNNT.
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Table 2
Structure of single wall BNNT prior to deformation

1201

Chirality (nym)  Diameter d, (nm)

Bond lengths (nm)

Bond angles (degree) Ar = Ry — Rp (nm)

0y O 9 ZBAC®  zBAD©  £CAD®
Flat n+m— oo 0 0.14623 0.14623 0.14623 120 120 120
(0.1446)°  (0.1446)°  (0.1446)°  (120)° (120)° (120)°
Zigzag (6,0) 0.50242 0.14718 0.14718 0.14718 117.171 117.930 117.930 0
(0.497)° (0.1454)°  (0.1454)°  (0.1437)° (0.0092)°
(0.503)¢ 0.1476)¢  (0.1476)%  (0.1450)¢
(12,0 0.97659 0.14641 0.14641 0.14639 119.352 119.468 119.468 0
(0.97818)° (0.0032)°
(20,0 1.61787 0.14629 0.14629 0.14628 119.771 119.808 119.808 0
(1.604)
Armchair  (3,3) 0.43411 0.14738 0.14765 0.14738 116.616 117.696 116.616 0
(0.421)° 0.1467)¢  (0.1475)%  (0.1467)¢  119.190 119.350 119.190 0
(6,6) 0.84520 0.14646 0.14649 0.14646
(0.838)*
(0.8354)° (0.1440)°  (0.1441)°  (0.1440)° (0.0052)°
(10,10) 1.40077 0.14631 0.14631 0.14631 119.711 119.760 119.711 0
(1.390)*
(1.3776)° (0.1438)°  (0.1437)°  (0.1438)° (0.0030)°
Chiral 4.2 0.44352 0.14737 0.14761 0.14731 116.461 117.686 117.021 0
9.,3) 0.88085 0.14645 0.14646 0.14643 119.210 119.381 119.305 0
(15,5) 1.45865 0.14630 0.14631 0.14630 119.721 119.774 119.750 0
2[2].
[3].
“[6].
9221

Fig. 2. The decomposition of a planar boron nitride nanotube (BNNT)
“unrolled” from a deformed BNNT to two triangular sub-lattices
composed of boron atoms and nitrogen atoms, respectively. There is a
shift vector ¢ between two sub-lattices to ensure equilibrium of atoms. The
solid and dashed lines denote the lattice structures with and without the
shift vector ¢, respectively.

We use solid circles to denote boron atoms and open circles
for nitrogen atoms. The hexagonal lattice can be decom-
posed into two triangular sub-lattices, one for boron atoms

(solid circles) and the other for nitrogen atoms (open
circles). Each triangular sub-lattice possesses centrosym-
metry such that atoms within each sub-lattice follow the
Cauchy—Born rule. For example, the length between two
nitrogen atoms B and C on the “unrolled” plane for the
deformed BNNT is obtained from (16) as

rpc(E) = /rsc -Fpc = \/Far - (I + 2E) - )., (17)

where the dependence on the Green strain E is explicitly
shown.

It is important to note, however, the solid-circle (boron)
sub-lattice may undergo a shift vector { with respect to the
open-circle (nitrogen) sub-lattice as shown in Fig. 2, to
relax atom positions in the hexagonal lattice in order to
ensure equilibrium of atoms. We take the representative
boron atom A4 and its three nearest-neighbor nitrogen
atoms B, C and D to illustrate this. On top of the motion
associated with the Cauchy—Born rule, the atom A4 is
relaxed and moves additional { relative to atoms B, C and
D such that the lengths AB, AC and AD are readjusted to
ensure equilibrium of atom A. The vector ryp in Fig. 2
is the sum of F - r% (Cauchy—Born rule) and the shift
vector {

(18)

Without losing generality, we may write { = F - &, where
&= F~'.{is an internal degree of freedom. The length of
AB is then given in terms of Green strain E and the internal

VAB=F~rE%+C.
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degree of freedom & by
rap(E, &) = \/rap - rap

=\/(r§§’;+f) U +26) (19 +¢), (19)

where the dependence on the Green strain E and internal
degree of freedom ¢& is explicitly shown.

Similar to (6)—(13) in Section 3.1, the bond length in the
cylindrical configuration of a deformed BNNT can be
obtained in terms of E and € via the lengths in (18) and (19).

3.3. Continuum strain energy density

The energy stored in an atomic bond 4B, denoted by
V(r4p:0.480), is obtained from the multi-body interatomic
potential in (1) once bond lengths and angles are known
for the cylindrical configuration of deformed BNNT.
The energy for each representative atom A is
[V (ras:0aso) + V (rac; 0aco) + V(rap; 0apo)],  where
the factor 1/2 results from equal partition of energy
between two atoms in the bond. The strain energy density
W on the continuum level is the energy per unit area
of the BNNT surface, and is related to the interatomic
potential by

V(rag;04s0) + V (rac;0aco) + V(rap; 0.upo)
20, ’
(20)

where the dependence on the Green strain E and internal
degree of freedom ¢ is explicitly shown, and Q, is the
undeformed BNNT surface area per atom and is given by

Q, = /s(s — ar)(s — ax)(s — a3) (21)
with s = (a; + a2 + a3)/2.

The shift vector ¢ introduced in Section 3.2 relaxes atom
positions to ensure equilibrium of atoms. For a given
Green strain E, the shift vector { or the internal degree of
freedom ¢ is determined from equilibrium of atoms, which
is equivalent to the minimization of strain energy density
W(E, &) with respect to &, i.e.,

ow
0

This gives an implicit equation to determine & in terms of
the Green strain E, i.e., & = &(E). It can be verified that

& = 0 for vanishing strain E = 0. The strain energy density
is then written as W = W[E, &(E))].

W(E,$) =

0. (22)

3.4. Stress and incremental modulus

The second Piola—Kirchhoff stress T is obtained from
the total derivative of strain energy density W with respect
to the Green strain E,

_dw _aw ow o _aw

~ dE O0E 0¢ OE OE’
where 0W /0& = 0 has been used.

(23)

The stress increment 7 is related to the strain increment
E via the increment modulus tensor C,

T=C:E, 24)

where C is the total derivative of T with respect to E given
by

-1

c_ 4T _d jaw\ _aw @w (Fw\ W
“dE " dE\OE) ~OEQOE QEO¢ \0£d¢) OLOE
(25)

Here we have used

2 -1 2
Lo () (52
dE 0&0¢& 0EOE
obtained from the derivative of 0W /3¢ = 0.

Eqgs. (23) and (25) give the stress and incremental
modulus in terms of strain and the interatomic potential.
Such an approach to establish the constitutive model
directly from interatomic potentials does not introduce any

additional fitting parameters beyond those in interatomic
potentials.

4. Young’s modulus and stress—strain curve of boron-nitride
nanotubes in simple tension

The Young’s modulus of a single-wall BNNT along the
axial direction Z can be obtained from the above
incremental modulus tensor C at infinitesimal deformation
(E=0and &£ =0) by [Czz2z — CYr00/(Co000)] _g +o
Here the Young’s modulus is in fact the elastic modulus
multiplied by the tube thickness since the energy density in
(20) is the energy per unit surface area of the BNNT. In
order to avoid this ambiguity in thickness of single-wall
BNNT, we normalize the Young’s modulus of BNNT by
its limit for a very large tube diameter, i.c., a flat sheet of
boron and nitrogen atoms. Fig. 3 shows the normalized
Young’s modulus of BNNT vs. the tube diameter for
armchair (n,n) and zigzag (n,0) BNNTs. The normalized
Young’s moduli obtained from tight binding [2] and ab
initio calculation [3] are also shown in Fig. 3, and they
agree well with the present continuum analysis based on
interatomic potentials. The Young’s modulus becomes
virtually independent of the nanotube diameter d, once d;
exceeds 2nm. This is because the B-N bond length
(~0.15nm) is much smaller than the nanotube diameter
d, for d,>2nm.

Fig. 4 shows the Young’s modulus (without normal-
ization) of BNNT vs. the nanotube diameter. For single-
wall BNNTs, the thickness is taken as the monolayer
thickness 0.34 nm of h-BN atomic structure. This is similar
to the use of monolayer thickness 0.335 nm of graphite as
the carbon nanotube thickness, though such an estimate is
more suitable for multi-wall than single-wall nanotubes
[29]. The Young’s modulus given by the present continuum
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Fig. 3. Normalized Young’s modulus of boron-nitride nanotubes
(BNNTSs) vs. the nanotube diameter for: (a) armchair BNNTSs; and (b)
zigzag BNNTs.

analysis based on interatomic potentials ranges from 0.85
to 1.11TPa, depending on the BNNT diameter. Fig. 4 also
shows the experimentally measured Young’s modulus of
multi-wall BNNTSs, which ranges from 0.98 to 1.46TPa for
the thermal vibration method [4] and from 0.505 to
1.031TPa for the electric-field-induced resonance method
[5]. The Young’s modulus predicted by the atomistic-based
continuum analysis indeed falls into the range of experi-
mental data, though the former is for single-wall BNNT
and the latter are for multi-wall BNNTSs.

The deformation in armchair and zigzag BNNTSs subject
to tension is axisymmetic and is characterized by the non-
vanishing components Fgg and Fz; of the deformation
gradient. The non-zero components of Green strain are
Eoo =%(Fge — 1) and Ezz =1(F%, —1). The internal
degree of freedom & = &(Ege, Ezz) is determined from

* ; thermal vibration method

. electic-field-induced
resonance method

armchair BNNTSs |
------ zigzag BNNTs

thermal vibration method
(Chopra and Zettl, 1998)

ﬁ 1.2 4

=

2]

=]

g 1.0

(]

1S

_m ;

g’ 0.8 - electric-field-induced
>q resonance method

Suryavanshi et al., 2004)

o
(o]
I

04 T T T T T T T T T T T T T 1
0.0 0.5 1.0 1.5 2.0 25 3.0 35
Nanotube diameter d; (nm)

Fig. 4. The Young’s modulus of boron-nitride nanotubes obtained from
the atomistic-based continuum analysis and from two experiments.

(22). The second Piola—Kirchhoff stress is then obtained in
terms of Egg and E,, from (23) as

ow
Too = = 2
90 = 3Fo0 0, (27)
ow
Tz7 = 3E,, (28)

where (27) results from uniaxial tension and it is an implicit
equation to determine Ege in terms of Ezz i.e.,
Eoe = Eeo(Ezz). The non-zero components of incremen-
tal modulus Ceeee, Czzzz, Coozz = Czzoo and Cozoz
are obtained from (25).

For a given axial strain £, the axial force P on the
BNNT can be obtained by integrating the normal stress
traction ez - (F- T - ey) over the cross-section, which gives

P=nd,Fz;T7; = ﬂd[\/ 14+2E77T 77, (29)

where d, is the BNNT diameter prior to deformation, and
T~ is obtained from (28). Fig. 5 shows the axial force P,
normalized by the BNNT radius d,/2 prior to deformation,
vs. the axial strain E,, for four zigzag BNNTs
[(7,0),(10,0),(14,0),(c0,0)] and four armchair BNNTs
[(4,4),(5,5),(8,8),(c0,00)]. For armchair BNNTs, the
force—strain curve has very little dependence on the
nanotube diameter since all curves for armchair BNNTs
are very close. This also holds for zigzag BNNTs.
However, the curves for armchair BNNTSs are appreciably
higher than those for zigzag BNNTSs, which suggests that
armchair BNNTs have higher resistance against tension
than zigzag BNNTSs. Similar observation have been made
in carbon nanotubes [15]. Therefore, the effect of BNNT
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Fig. 5. The axial force P, normalized by the nanotube radius d,/2 prior to
deformation, vs. the axial strain Ez» for several armchair and zigzag
boron-nitride nanotubes subject to simple tension.

diameter is secondary as compared to BNNT helicity
(orientation).

5. Equilibrium equation

The equilibrium equation, in general, is
(F-T)-v=0, (30)

where F is the deformation gradient, T is the second
Piola—Kirchhoff stress, and V is the gradient in the
reference (undeformed) configuration, and it takes the
form

0 e O 0

V—eR 6R+f%+ ZaZ

in the cylindrical coordinate (R, ®, Z) for the BNNT. The
traction-free boundary condition on the surface of BNNT
is

F-T erg=0. (31)

Integration of (30) over the vanishing thickness of
BNNT, in conjunction with the boundary condition (31),
gives the following equilibrium equations for a single-wall
BNNT

10

1 0
E%(F' T)ro —E(F' DNeo +&(F' Ty =0, (32a)
1
(F T)ro +Ra®(F Too + (F' To,=0 (32b)
1 0O
R 36 = (F-T)ye + (F' n,, =0, (32¢)

where R is the BNNT radius in the undeformed config-
uration, T is the second Piola—Kirchhoff stress averaged
over the BNNT thickness, and its non-vanishing compo-
nents are Tee, 177, and T,e.

6. Bifurcation analysis for single-wall boron-nitride
nanotubes

We use the atomistic-based constitutive model to
investigate the deformation of armchair and zigzag
single-wall BNNTSs subject to tension. For relatively small
applied strain, the deformation in the BNNT is uniform,
and the stress—strain curve is given in Section 4. Once the
applied strain exceeds a critical value, non-uniform
deformation begins in the BNNT. This is called bifurca-
tion, and is similar to necking in a tensile bar.

The bifurcation analysis for BNNTs in this section is
similar to [30] for carbon nanotubes. Let U denote the
displacement, which is related to the deformation gradient
F by F=1+UV. At the onset of bifurcation, the
deformation gradient, stress and strain are still uniform,
but their increments begin to be non-uniform and may
depend on ® and Z. The non-uniform increment of
deformation gradient F is given in terms of the displace-
ment increment U by

10Ux Ue ,  Ur 10Ue
Fro=%%6 " ®r® =R "r30"
10U _0Ug _0Ue
FZG)—E%, RZ =777 F@Z—a7,
: oUy,
F ___ =
2z="7,> (33)

where only components within the tube surface are given.
The corresponding non-zero components of Green strain E
are

Eoe = FooFoo, Ezz = Fz7F 77,
Ezo = Eoz = Y(FeoFoz + F7zF70). (34)

where Fg, = 0 at the onset of bifurcation has been used.
The non-vanishing components of stress increment are
obtained from (24) as

Teo = CovooLoo + CoozzEzz, (35a)
Ty = CZZO®E®® + Czz22E 77, (35b)
Toz = Tze = 2CozozE0z. (35¢)

The substitution of (33)—(35) into the incremental form
of equilibrium Eq. (32) gives

o? . 1 0Ue
T72— aZz R2 C®®®®F@@ Ur— R_ C®®®®FO® )
1 ouU
— —~CoozzFooF 77—~ =0, (36a)

R 0Z
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1 oUr [1 o?
—C F2 C F2
e 000000 3@ + { 00001 g T 20’
2.
+(T7z + CozozFoe) @] Ue
’U,

oz =" (36b)

+ R (Coozz + Cozoz)FeoFzz

1 oUg
—C FeooF
eozzloelt'zz 7
1 *Ue
- FooFz7 ——2
+R(C®®zz+C®z®z) S Y
62
e
62
oz’

+ 2 CozozF%,

+(Tzz+ Czz22F %) =5 | Uz = 0. (36¢)

The BNNT is subjected to axial displacement and
vanishing shear stress tractions at the ends. Therefore, at
the onset of bifurcation, the increments of axial displace-
ment and shear stress tractions vanish at both ends. The
increments of stress tractions at the ends of BNNT are
given by %(Fo T-e;)=F-T-e;+F-T-ey. The vanish-
ing of increments of shear stress tractions then gives
FRZTZZ =0 and F@ZTZZ + F@)@)T@Z =0 in the R- and
®- directions, respectively. In conjunction with (33), the
incremental boundary conditions at the two ends of BNNT
can be written as

oUr _0Ue
°Z oz

where L is the length of BNNT.

The homogeneous governing equations (36) and bound-
ary conditions (37) constitute an eigenvalue problem for
the displacement increment U. The eigenvalue is the axial
strain E,, (or equivalently, F7). In other words, (36)
and (37) have only the trivial solution U =0 until the
axial strain E,, reaches a critical value (Ez2).risicar fOT
bifurcation.

The general solution of (36), satisfying the homogeneous
boundary condition (37), takes the form

U, = =0 atZ=0andL, (37)

. . . . (n 7
[Ur,Uo,Uz| = [U%,Lcosn@cosmi,

mnZ mnZ
U(@nfn sin n® cos —— U(Zn,)n cos n® sin

(38)

where m = 1,2,3,... and n =0,1,2,... are the eigen mode
numbers in the Z and ® directions, respectively, and

(n) () (n)
[URm’ U@m’ UZm:|

(38) into (36) ylelds three homogeneous, linear algebraic

equations for URm, ngn and U(Z”,)n. In order to have a non-

trivial solution, the determinant of 3 x 3 coefficient matrix
for the linear algebraic equations must vanish, which gives

is the eigenvector. The substitution of

the following critical condition for bifurcation:

Tzz Ty (maR\>
(CZZZZ +Z ) Coooo + 2Z z (T)

F3y, Fae

I’l2 TZZ

+
Tz7+ CozozFeag

C@G)ZZ

T
Coooo <szzz + 222)
FZZ

T
—(Coozz + Cozoz) + Cozoz <C®Z@Z + Fzz Z)
00

(39)

I \2
+ (n* + 1)C®®®®C®z®z( )
mnR

The above equation, in conjunction with the uniaxial
condition Tge =0 in (27), provides two equations to
determine Ege and Ez; (or equivalently Fge and F,) at
the onset of bifurcation. The strains thus obtained depend
on the eigen mode numbers m and n. The numerical results
show that the axial strain E,, for m=1 and n=0 is
always the minimum among all £, for m = 1,2,3... and
n=0,1,2,.... The axial strain for m=1 and n=0 at
bifurcation is denoted by (Ezz)crisicars and the correspond-
ing bifurcation mode is axisymmetric (n = 0).

The critical condition for bifurcation is then obtained
from (39) by lettingm =1 and n =0, i.c.,

Tz Tz (7R\’
(szzz-i- 22 ) Coooo + —22 (—)
F%,
(40)

Fio \ L
Fig. 6 shows the bifurcation strain (Ezz)critical VS. the
aspect ratio d,/L for several armchair and zigzag BNNTs,
where d, and L are the nanotube diameter and length,
respectively. It 1is observed that the bifurcation
strain is virtually independent of the nanotube aspect
ratio d;/L since all curves in Fig. 6 are very flat.

- C%a@zz =0.

0.24
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Fig. 6. The bifurcation strain vs. the diameter/length ratio for several
armchair and zigzag boron-nitride nanotubes.
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Furthermore, the bifurcation strain depends rather
weakly on the nanotube diameter d,. For example, for
armchair BNNTSs, the bifurcation strain ranges from 0.233
to 0.236 for tube diameter from oo to 0.570 nm. For zigzag
BNNTs, the variation of (Ezz)eicar 18 also small,
from 0.149 to 0.153 for tube diameter from oo to
0.580nm. However, the bifurcation strain depends strongly
on the helicity of BNNTs. With approximately the same
diameter, the bifurcation strain for the (4,4) armchair
BNNT is more than 50% higher than that for the (7,0)
zigzag BNNT.

7. Concluding remarks

We have proposed an atomistic-based continuum theory
for boron-nitride nanotubes (BNNTs) based on intera-
tomic potentials for boron and nitrogen. The theory is
established from the modified Cauchy—Born rule to link the
continuum constitutive model for BNNTSs to interatomic
potentials of boron and nitrogen. It is shown that the
BNNT helicity (e.g., armchair vs. zigzag) has a strong
influence on the mechanical behavior of BNNT under
tension, but the BNNT radius has little effect. We have
applied the atomistic-based continuum theory to study the
Young’s modulus, stress—strain curve and onset of
bifurcation in single-wall BNNTs under tension. Here the
onset of bifurcation indicates the beginning of non-uniform
deformation in BNNTSs subject to uniform tension, and is
similar to necking in a tensile bar. The bifurcation strain is
approximately independent of the BNNT radius and
length, but depends strongly on the BNNT helicity. It is
about 23% for armchair BNNTs, and 15% for zigzag
BNNTs.
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