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Abstract

Boron-nitride nanotubes (BNNTs) display unique properties and have many potential applications. An atomistic-based continuum

theory is developed for BNNTs. The continuum constitutive model for BNNTs is obtained directly from interatomic potentials for boron

and nitrogen. Such an approach involves no additional fitting parameters beyond those introduced in interatomic potentials. The

atomistic-based continuum theory is then applied to study the Young’s modulus, stress–strain curve and nonlinear bifurcation in

BNNTs. It is shown that the mechanical behavior of BNNTs is virtually independent of the diameter and length of BNNTs, but has a

strong dependence on helicity.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Boron-nitride nanotubes (BNNTs) represent an impor-
tant class of nanotube since they possess unique structural,
mechanical, thermal, electrical and chemical properties.
For example, zigzag BNNTs are preferred over armchair
and chiral BNNTs when grown by chemical vapor
deposition at certain conditions [1]. The Young’s modulus
of BNNTs is on the order of 1TPa [2,3], and is comparable
to that of carbon nanotubes. The thermal conductivity
along the nanotube is also very high. However, contrary to
carbon nanotubes, BNNTs always have large band gaps
regardless of the chirality and diameter, and are therefore
semiconductors. They also have good resistance to oxida-
tion at high temperature.

There are very limited experimental [4,5] and atomistic
studies e.g. [2,3,6–11] on the mechanical properties of
BNNTs. The purpose of the present paper is to establish a
continuum theory for BNNTs based on interatomic
potentials for boron and nitrogen [12,13]. Similar to
[14,15,28,33] studies of carbon nanotubes, this atomistic-
based contunuum theory is established by modifying the
e front matter r 2006 Elsevier Ltd. All rights reserved.
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Cauchy–Born rule for BNNTs to ensure the equilibrium of
boron and nitrogen atoms. The continuum constitutive
model is established directly from the atomic structure of
BNNTs and interatomic potentials for boron and nitrogen.
We then study the Young’s modulus, stress–strain curve
and nonlinear bifurcation of BNNTs.
This paper is structured as follows. The interatomic

potential for boron and nitrogen is summarized in
Section 2. This potential is used to establish a continuum
constitutive model for BNNTs via the modified Cauchy–
Born rule in Section 3. The Young’s modulus and
stress–strain curve given by this atomistic-based continuum
theory are shown in Section 4. Section 5 gives the
equilibrium equation for BNNTs, while the bifurcation
analysis is presented in Section 6.
2. An interatomic potential for boron nitride

[13] established an interatomic potential for boron
nitride as

V ðrij; yijkÞ ¼ VRðrijÞ � BijV AðrijÞ, (1)

where VR and VA are the repulsive and attractive pair terms
that depend only on the distance rij between a pair of atoms
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i and j, and are given by

VRðrÞ ¼
D0

S � 1
exp �b

ffiffiffiffiffiffi
2S
p

r� r0ð Þ

h i
� f CðrÞ,

VAðrÞ ¼
SD0

S � 1
exp �b

ffiffiffiffiffiffiffiffi
2=S

p
r� r0ð Þ

h i
� f CðrÞ, ð2Þ

D0 and r0 are the dimmer energy and separation,
respectively, and they are given in Table 1 together with
constants S and b. It is important to note that these
constants depend on the index pair, i.e., they take different
values for boron–nitrogen, nitrogen–nitrogen, and bor-
on–boron atomistic interactions. The cutoff function fC in
(2) limits the interaction shell on the next neighbors inside
the radius R, and is given by

f CðrÞ ¼

1; rpR�D;
1
2�

1
2 sin ðpr� RÞ=ð2DÞ

� �
; r� Rj jpD;

0; rXRþD;

8><
>: (3)

where R ¼ 2A and D ¼ 0.1A for all index pairs (i.e., for all
boron–nitrogen, nitrogen–nitrogen and boron–boron ato-
mistic interactions) as shown in Table 1. The interatomic
potential in (1) also depends on the bond angle yijk via the
multi-body coupling term Bij, which results from the
interaction between atoms i, j and their local environment,
and is given by

Bij ¼ 1þ gnwn
ij

� ��1=ð2nÞ

,

wij ¼
X
kai;j

G yijk

� �
f C rikð Þ exp l3 rij � rik

� �3h i
,

G yijk

� �
¼ 1þ

c2

d2
�

c2

d2
þ h� cos yijk

� �2 , ð4Þ

where k denotes atoms other than i and j, rik is the distance
between atoms i and k, fC is the cutoff function in (3), yijk

denotes the angle between bonds i–j and i–k. The constants
n, g, l, c, d and h depend on the index pair ij, as shown in
Table 1.

We have verified that the interatomic potential given
above does give the correct lattice constants for cubic
Table 1

Parameters in the boron-nitride interatomic potential [12,13]

BN-interaction NN-interaction BB-interaction

D0(eV) 6.36 9.91 3.08

r0(A) 1.33 1.11 1.59

S 1.0769 1.0769 1.0769

b(A�1) 2.043057 1.92787 1.5244506

R(A) 2.0 2.0 2.0

D(A) 0.1 0.1 0.1

n 0.364153367 0.6184432 3.9929061

g 0.000011134 0.019251 0.0000016

l(A�1) 1.9925 0 0

c 1092.9287 17.7959 0.52629

d 12.38 5.9484 0.001587

h �0.5413 0 0.5
boron-nitride and hexagonal boron-nitride atomic struc-
tures (e.g., [16–18]). Albe and Möller [12], Koga et al. [19],
and Sibona et al. [20] used this interatomic potential to
investigate boron-nitride thin film growth, ion bombard-
ment in boron-nitride thin film deposition, and boron-
nitride layered materials, respectively. [10,21] investigated
the structural/thermal behavior of and defect formation in
BNNTs.
3. An atomistic-based constitutive model for boron-nitride

nanotubes

3.1. Single-wall boron-nitride nanotubes prior to

deformation

Fig. 1a shows a schematic diagram of a boron-nitride
nanotube prior to deformation. Unlike a carbon nanotube
that all carbon atoms are on the same cylindrical surface,
there exists a certain degree of buckling with boron atoms
displaced toward the tube axis and nitrogen atoms pushed
outwards [2,3,6]. Let dt and dt�2Dr denote the diameters of
cylinders for nitrogen atoms and boron atoms, respectively,
where Dr is the difference in radii of nitrogen and boron
atoms to the nanotube axis.
We extend [15] method for carbon nanotubes to BNNT

by mapping the BNNT in Fig. 1a to a two dimensional
planar sheet in Fig. 1b, in which A, E and F denote boron
atoms and B, C and D denote nitrogen atoms. This can be
visualized by mapping radially the boron atoms onto the
cylindrical surface of nitrogen atoms, then cutting this
cylindrical surface (of nitrogen atoms) along its axial
direction and unrolling it to a plane without stretching.
Fig. 1c shows a representative unit cell of the ‘‘unrolled’’

plane. Let a1 and a2 denote the vectors BC
�!

and DC
�!

,
respectively, and a1 and a2 be corresponding lengths. The
length of BD is denoted by a3 and the lengths of AB and
AC are denoted by a4 and a5, respectively. Other lengths
and angles in the 2D plane are completely determined by
a1, a2, ,y, a5. For example, j1 ¼ ffCBD, j2 ¼ ffCBA,
length of AD a6, and j3 ¼ ffBAD are given in terms of
ai ði ¼ 1; 2; . . . ; 5Þ by

j1 ¼ cos�1
a2
1 þ a2

3 � a2
2

2a1a3
,

j2 ¼ cos�1
a2
1 þ a2

4 � a2
5

2a1a4
,

a6 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2
3 þ a2

4 � 2a3a4 cosðj1 � j2Þ

q
,

j3 ¼ cos�1
a2
4 þ a2

6 � a2
3

2a4a6
. ð5Þ

Fig. 1c also shows the chiral vector Ch which denotes the
circumferential direction of the BNNT on this ‘‘unrolled’’
plane. The chiral vector can always be expressed in terms of
the base vectors a1 and a2 as

Ch ¼ na1 þma2, (6)
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Fig. 1. A boron-nitride nanotube (BNNT) prior to deformation: (a) a schematic diagram of BNNT; (b) a planar, ‘‘unrolled’’ BNNT; the solid circles

represent boron atoms, and open circles represent nitrogen atoms; and (c) a representative unit cell of the planar BNNT.
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where n and m are integers, nXmX0, and the pair (n,m) is
called the chirality of the BNNT; (n, 0) and (n, n) are called
zigzag and armchair BNNTs, respectively, while n4m40

is called a chiral BNNT. Using the fact a1 � a1 ¼ a2
1, a2 �

a2 ¼ a2
2 and 2a1 � a2 ¼ a2

1 þ a2
2 � a2

3, we find

Chj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ch � Ch

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2a2

1 þm2a2
2 þmnða2

1 þ a2
2 � a2

3Þ

q
.

(7)

This gives the diameter of the cylinder of the nitrogen

atoms as dt ¼ |Ch|/p. The angle between Ch and BC
�!

is
denoted by y, and is given by

y ¼ cos�1
Ch � a1

Chj ja1
¼ cos�1

na2
1 þm=2ða2

1 þ a2
2 � a2

3Þ

Chj ja1
. (8)

It is important to note that the bond length and angle
used to calculate the energy stored in an atomic bond
should be evaluated for the cylindrical configuration of
BNNT (Fig. 1a), not the 2D planar one (Fig. 1b). In the
following we obtain the cylindrical coordinates (R,Y,Z)
for atoms A, B, C, D, E and F in terms of ai (i ¼ 1,2,y5)
and Dr. It is obvious that

RA ¼ RE ¼ RF ¼ dt=2� Dr,

RB ¼ RC ¼ RD ¼ dt=2. ð9Þ

Without losing generality, we may take the polar angle
YB and axial coordinate ZB of atom B as zero, i.e.,
YB ¼ ZB ¼ 0. The axial and polar coordinates of atoms A,
C, D, E and F are given by

ZA ¼ a4 sinðj2 þ yÞ,

ZC ¼ a1 sin y,

ZD ¼ a3 sinðj1 þ yÞ,

ZE ¼ a1 sin y� a6 sinðj3 � j2 � yÞ,

ZF ¼ a1 sin yþ a4 sinðj2 þ yÞ, ð10Þ
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and

YA ¼
2a4 cosðj2 þ yÞ

dt

,

YC ¼
2a1 cos y

dt

,

YD ¼
2a3 cosðj1 þ yÞ

dt

,

YE ¼
2a1 cos yþ 2a6 cosðj3 � j2 � yÞ

dt

,

YF ¼
2a1 cos yþ 2a4 cosðj2 þ yÞ

dt

. ð11Þ

The bond length between two atoms X and Y

(X,Y ¼ A,B,C,D,E,F) with coordinates (RX,YX,ZX)
and (RY,YY,ZY) is given by
rXY ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RX cos YX � RY cos YYð Þ

2
þ RX sin YX � RY sin YYð Þ

2
þ ZY � ZXð Þ

2

q
. (12)
Once all bond lengths are known, the bond angle yXYQ

can be obtained (where Q represents neighbor atoms). For
a given chirality (n,m) of the BNNT, the bond length in
(12) as well as the energy V(rXY; yXYQ) stored in bond XY

are functions of ai (i ¼ 1,2,y,5) and Dr. The energy W per
unit cell is

W a1; a2; a3; a4; a5;Drð Þ ¼W boron þW nitrogen,

W boron

¼ V rAB; yABQ

� ��
þ V rAC ; yACQ

� �
þV rAD; yADQ

� ��	
2,

W nitrogen

¼ V rCA; yCAQ

� ��
þV rCE ; yCEQ

� �
þ V rCF ; yCFQ

� ��	
2 ð13Þ

where Wboron and Wnitrogen are the energy per boron and
nitrogen atom. The lengths ai (i ¼ 1,2,y,5) and Dr can be
determined from energy minimization

qW

qai

¼ 0; i ¼ 1; 2; � � � ; 5;

qW

qDr
¼ 0;

8>><
>>: . (14)

Table 2 shows the diameter, bond lengths and bond
angles of different BNNTs obtained from the above
analysis. The results agree well with atomistic calculations
[2,3,6,22] also shown in Table 2. Table 2 also shows the
present analysis gives a vanishing Dr, while that obtained
by atomistic calculations is not zero but extremely small
(around 0.005 nm). In fact, we have used molecular
mechanics based on the same interatomic potential [13]
given in Section 2, and the molecular mechanics calculation
indeed gives vanishing Dr prior to deformation as well as in
simple tension. Therefore, the energy Wboron is the same as
Wnitrogen such that we can use a boron atom A and three
nitrogen atoms B, C and D to calculate the strain energy
density in the following sections.
3.2. Continuum description of deformed single-wall boron-

nitride nanotube

The continuum deformation measures of deformed
BNNTs can be related to the motion of many atoms via
the Cauchy–Born rule [23,24]. The Cauchy––Born rule
equates the strain energy at continuum level to the energy
stored in atomic bonds. It also states that atoms subject to
a homogeneous deformation move according to a single
mapping from the undeformed to deformed configurations.
From the continuum level, this mapping is taken to be the
deformation gradient F ¼ qx=qX, where X and x denote
positions of a material point in the undeformed and
deformed configurations, respectively. A bond between a
pair of atoms i and j in the undeformed configuration is
described by a vector r 0ð Þ
ij . Upon deformation, the bond is

described by

rij ¼ F � r 0ð Þ
ij , (15)

and its length becomes

rij ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
rij � rij
p

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0ð Þ

ij � I þ 2Eð Þ � r 0ð Þ
ij

q
, (16)

where E ¼ 1
2
ðFT � F � IÞ is the Green strain tensor and I is

the second-order identity tensor. For a centrosymmetric
lattice structure that has pair of bonds in the opposite
directions (r and �r) around each atom, the Cauchy––Born
rule ensures equilibrium of atoms because forces in the
opposite, centrosymmetric bonds are always equal
and opposite for arbitrarily imposed homogeneous
deformation.
The Cauchy––Born rule cannot be applied to BNNTs

because they do not have a centrosymmetric lattice
structure such that the Cauchy––Born rule cannot ensure
equilibrium of atoms anymore. Modifications of the
Cauchy––Born rule for non-centrosymmetric lattice struc-
tures have been proposed [15,25–28]. For example [15]
modified the Cauchy––Born rule to study carbon nano-
tubes, which have the same atomic structure as BNNTs
except that all boron and nitrogen atoms are replaced by
carbon atoms. [15] showed that a carbon nanotube subject
to tension EZZ along the tube axis in the cylindrical
configuration is equivalent to imposing the strain
E22 ¼ EZZ in the unrolled plane followed by rolling the
deformed, ‘‘unrolled’’ plane back to a tube. Here E22

denotes the strain normal to Ch direction in the ‘‘unrolled’’
plane.
We follow [15] approach in the present study of BNNTs.

Fig. 2 shows the plane ‘‘unrolled’’ from a deformed BNNT.
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Table 2

Structure of single wall BNNT prior to deformation

Chirality (n,m) Diameter dt (nm) Bond lengths (nm) Bond angles (degree) Dr ¼ RN � RB (nm)

r
ð0Þ
AB r

ð0Þ
AC r

ð0Þ
AD

ffBACð0Þ ffBADð0Þ ffCADð0Þ

Flat nþm!1 N 0.14623 0.14623 0.14623 120 120 120

(0.1446)c (0.1446)c (0.1446)c (120)c (120)c (120)c

Zigzag (6,0) 0.50242 0.14718 0.14718 0.14718 117.171 117.930 117.930 0

(0.497)c (0.1454)c (0.1454)c (0.1437)c (0.0092)c

(0.503)d (0.1476)d (0.1476)d (0.1450)d

(12,0) 0.97659 0.14641 0.14641 0.14639 119.352 119.468 119.468 0

(0.97818)b (0.0032)b

(20,0) 1.61787 0.14629 0.14629 0.14628 119.771 119.808 119.808 0

(1.604)a

Armchair (3,3) 0.43411 0.14738 0.14765 0.14738 116.616 117.696 116.616 0

(0.421)d (0.1467)d (0.1475)d (0.1467)d 119.190 119.350 119.190 0

(6,6) 0.84520 0.14646 0.14649 0.14646

(0.838)a

(0.8354)c (0.1440)c (0.1441)c (0.1440)c (0.0052)c

(10,10) 1.40077 0.14631 0.14631 0.14631 119.711 119.760 119.711 0

(1.390)a

(1.3776)c (0.1438)c (0.1437)c (0.1438)c (0.0030)c

Chiral (4,2) 0.44352 0.14737 0.14761 0.14731 116.461 117.686 117.021 0

(9,3) 0.88085 0.14645 0.14646 0.14643 119.210 119.381 119.305 0

(15,5) 1.45865 0.14630 0.14631 0.14630 119.721 119.774 119.750 0

a[2].
b[3].
c[6].
d[22].

A 

D 

B 

C 

ζ

Fig. 2. The decomposition of a planar boron nitride nanotube (BNNT)

‘‘unrolled’’ from a deformed BNNT to two triangular sub-lattices

composed of boron atoms and nitrogen atoms, respectively. There is a

shift vector f between two sub-lattices to ensure equilibrium of atoms. The

solid and dashed lines denote the lattice structures with and without the

shift vector f, respectively.
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We use solid circles to denote boron atoms and open circles
for nitrogen atoms. The hexagonal lattice can be decom-
posed into two triangular sub-lattices, one for boron atoms
(solid circles) and the other for nitrogen atoms (open
circles). Each triangular sub-lattice possesses centrosym-
metry such that atoms within each sub-lattice follow the
Cauchy––Born rule. For example, the length between two
nitrogen atoms B and C on the ‘‘unrolled’’ plane for the
deformed BNNT is obtained from (16) as

rBCðEÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rBC � rBC

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 0ð Þ

BC � ðI þ 2EÞ � rð0ÞBC

q
, (17)

where the dependence on the Green strain E is explicitly
shown.
It is important to note, however, the solid-circle (boron)

sub-lattice may undergo a shift vector f with respect to the
open-circle (nitrogen) sub-lattice as shown in Fig. 2, to
relax atom positions in the hexagonal lattice in order to
ensure equilibrium of atoms. We take the representative
boron atom A and its three nearest-neighbor nitrogen
atoms B, C and D to illustrate this. On top of the motion
associated with the Cauchy––Born rule, the atom A is
relaxed and moves additional f relative to atoms B, C and
D such that the lengths AB, AC and AD are readjusted to
ensure equilibrium of atom A. The vector rAB in Fig. 2
is the sum of F � r

ð0Þ
AB (Cauchy––Born rule) and the shift

vector f

rAB ¼ F � rð0ÞAB þ f. (18)

Without losing generality, we may write f ¼ F � n, where
n ¼ F�1 � f is an internal degree of freedom. The length of
AB is then given in terms of Green strain E and the internal
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degree of freedom n by

rABðE; nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rAB � rAB

p

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð0ÞAB þ n
� �

� ðI þ 2EÞ � rð0ÞAB þ n
� �r

, ð19Þ

where the dependence on the Green strain E and internal
degree of freedom n is explicitly shown.

Similar to (6)–(13) in Section 3.1, the bond length in the
cylindrical configuration of a deformed BNNT can be
obtained in terms of E and n via the lengths in (18) and (19).

3.3. Continuum strain energy density

The energy stored in an atomic bond AB, denoted by
V(rAB;yABQ), is obtained from the multi-body interatomic
potential in (1) once bond lengths and angles are known
for the cylindrical configuration of deformed BNNT.
The energy for each representative atom A is
1
2

V rAB; yABQ

� �
þ V rAC ; yACQ

� �
þ V rAD; yADQ

� �� �
, where

the factor 1/2 results from equal partition of energy
between two atoms in the bond. The strain energy density
W on the continuum level is the energy per unit area
of the BNNT surface, and is related to the interatomic
potential by

W E; nð Þ ¼
V rAB; yABQ

� �
þ V rAC ; yACQ

� �
þ V rAD; yADQ

� �
2O�

,

(20)

where the dependence on the Green strain E and internal
degree of freedom n is explicitly shown, and Oe is the
undeformed BNNT surface area per atom and is given by

O� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s s� a1ð Þ s� a2ð Þ s� a3ð Þ

p
(21)

with s ¼ a1 þ a2 þ a3ð Þ=2.
The shift vector f introduced in Section 3.2 relaxes atom

positions to ensure equilibrium of atoms. For a given
Green strain E, the shift vector f or the internal degree of
freedom n is determined from equilibrium of atoms, which
is equivalent to the minimization of strain energy density
W(E, n) with respect to n, i.e.,

qW

qn
¼ 0. (22)

This gives an implicit equation to determine n in terms of
the Green strain E, i.e., n ¼ n(E). It can be verified that
n ¼ 0 for vanishing strain E ¼ 0. The strain energy density
is then written as W ¼W[E, n(E)].

3.4. Stress and incremental modulus

The second Piola–Kirchhoff stress T is obtained from
the total derivative of strain energy density W with respect
to the Green strain E,

T ¼
dW

dE
¼

qW

qE
þ

qW

qn
�
qn
qE
¼

qW

qE
, (23)

where qW=qn ¼ 0 has been used.
The stress increment _T is related to the strain increment
_E via the increment modulus tensor C,

_T ¼ C : _E, (24)

where C is the total derivative of T with respect to E given
by

C ¼
dT

dE
¼

d

dE

qW

qE


 �
¼

q2W

qE qE
�

q2W

qE qn
�

q2W

qn qn


 ��1
�
q2W

qn qE
.

(25)

Here we have used

dn

dE
¼ �

q2W

qn qn


 ��1
�

q2W
qn qE


 �
, (26)

obtained from the derivative of qW=qn ¼ 0.
Eqs. (23) and (25) give the stress and incremental

modulus in terms of strain and the interatomic potential.
Such an approach to establish the constitutive model
directly from interatomic potentials does not introduce any
additional fitting parameters beyond those in interatomic
potentials.

4. Young’s modulus and stress–strain curve of boron-nitride

nanotubes in simple tension

The Young’s modulus of a single-wall BNNT along the
axial direction Z can be obtained from the above
incremental modulus tensor C at infinitesimal deformation

(E ¼ 0 and n ¼ 0) by CZZZZ � C2
ZZYY=ðCYYYYÞ

� �
E¼0; x¼0.

Here the Young’s modulus is in fact the elastic modulus
multiplied by the tube thickness since the energy density in
(20) is the energy per unit surface area of the BNNT. In
order to avoid this ambiguity in thickness of single-wall
BNNT, we normalize the Young’s modulus of BNNT by
its limit for a very large tube diameter, i.e., a flat sheet of
boron and nitrogen atoms. Fig. 3 shows the normalized
Young’s modulus of BNNT vs. the tube diameter for
armchair (n, n) and zigzag (n, 0) BNNTs. The normalized
Young’s moduli obtained from tight binding [2] and ab
initio calculation [3] are also shown in Fig. 3, and they
agree well with the present continuum analysis based on
interatomic potentials. The Young’s modulus becomes
virtually independent of the nanotube diameter dt once dt

exceeds 2 nm. This is because the B–N bond length
(�0.15 nm) is much smaller than the nanotube diameter
dt for dt42 nm.
Fig. 4 shows the Young’s modulus (without normal-

ization) of BNNT vs. the nanotube diameter. For single-
wall BNNTs, the thickness is taken as the monolayer
thickness 0.34 nm of h-BN atomic structure. This is similar
to the use of monolayer thickness 0.335 nm of graphite as
the carbon nanotube thickness, though such an estimate is
more suitable for multi-wall than single-wall nanotubes
[29]. The Young’s modulus given by the present continuum
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analysis based on interatomic potentials ranges from 0.85
to 1.11TPa, depending on the BNNT diameter. Fig. 4 also
shows the experimentally measured Young’s modulus of
multi-wall BNNTs, which ranges from 0.98 to 1.46TPa for
the thermal vibration method [4] and from 0.505 to
1.031TPa for the electric-field-induced resonance method
[5]. The Young’s modulus predicted by the atomistic-based
continuum analysis indeed falls into the range of experi-
mental data, though the former is for single-wall BNNT
and the latter are for multi-wall BNNTs.

The deformation in armchair and zigzag BNNTs subject
to tension is axisymmetic and is characterized by the non-
vanishing components FYY and FZZ of the deformation
gradient. The non-zero components of Green strain are
EYY ¼

1
2

F2
YY � 1

� �
and EZZ ¼

1
2

F2
ZZ � 1

� �
. The internal

degree of freedom n ¼ n EYY;EZZð Þ is determined from
(22). The second Piola–Kirchhoff stress is then obtained in
terms of EYY and EZZ from (23) as

TYY ¼
qW

qEYY
¼ 0, (27)

TZZ ¼
qW

qEZZ

, (28)

where (27) results from uniaxial tension and it is an implicit
equation to determine EYY in terms of EZZ, i.e.,
EYY ¼ EYY(EZZ). The non-zero components of incremen-
tal modulus CYYYY, CZZZZ, CYYZZ ¼ CZZYY and CYZYZ

are obtained from (25).
For a given axial strain EZZ, the axial force P on the

BNNT can be obtained by integrating the normal stress
traction eZ � (F �T � eZ) over the cross-section, which gives

P ¼ pdtFZZTZZ ¼ pdt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2EZZ

p
TZZ, (29)

where dt is the BNNT diameter prior to deformation, and
TZZ is obtained from (28). Fig. 5 shows the axial force P,
normalized by the BNNT radius dt/2 prior to deformation,
vs. the axial strain EZZ for four zigzag BNNTs
ð7; 0Þ; ð10; 0Þ; ð14; 0Þ; ð1; 0Þ½ � and four armchair BNNTs
ð4; 4Þ; ð5; 5Þ; ð8; 8Þ; ð1;1Þ½ �. For armchair BNNTs, the
force–strain curve has very little dependence on the
nanotube diameter since all curves for armchair BNNTs
are very close. This also holds for zigzag BNNTs.
However, the curves for armchair BNNTs are appreciably
higher than those for zigzag BNNTs, which suggests that
armchair BNNTs have higher resistance against tension
than zigzag BNNTs. Similar observation have been made
in carbon nanotubes [15]. Therefore, the effect of BNNT
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diameter is secondary as compared to BNNT helicity
(orientation).

5. Equilibrium equation

The equilibrium equation, in general, is

F � Tð Þ � r ¼ 0, (30)

where F is the deformation gradient, T is the second
Piola–Kirchhoff stress, and r is the gradient in the
reference (undeformed) configuration, and it takes the
form

r ¼ eR

q
qR
þ

eY
R

q
qY
þ eZ

q
qZ

in the cylindrical coordinate (R,Y,Z) for the BNNT. The
traction-free boundary condition on the surface of BNNT
is

F � T � eR ¼ 0. (31)

Integration of (30) over the vanishing thickness of
BNNT, in conjunction with the boundary condition (31),
gives the following equilibrium equations for a single-wall
BNNT

1

R

q
qY
ðF � TÞRY �

1

R
ðF � TÞYY þ

q
qZ
ðF � TÞRZ ¼ 0, (32a)

1

R
ðF � TÞRY þ

1

R

q
qY
ðF � TÞYY þ

q
qZ
ðF � TÞYZ ¼ 0, (32b)

1

R

q
qY
ðF � TÞZY þ

q
qZ
ðF � TÞZZ ¼ 0, (32c)
where R is the BNNT radius in the undeformed config-
uration, T is the second Piola–Kirchhoff stress averaged
over the BNNT thickness, and its non-vanishing compo-
nents are TYY, TZZ, and TZY.
6. Bifurcation analysis for single-wall boron-nitride

nanotubes

We use the atomistic-based constitutive model to
investigate the deformation of armchair and zigzag
single-wall BNNTs subject to tension. For relatively small
applied strain, the deformation in the BNNT is uniform,
and the stress–strain curve is given in Section 4. Once the
applied strain exceeds a critical value, non-uniform
deformation begins in the BNNT. This is called bifurca-
tion, and is similar to necking in a tensile bar.
The bifurcation analysis for BNNTs in this section is

similar to [30] for carbon nanotubes. Let U denote the
displacement, which is related to the deformation gradient
F by F ¼ I þUr. At the onset of bifurcation, the
deformation gradient, stress and strain are still uniform,
but their increments begin to be non-uniform and may
depend on Y and Z. The non-uniform increment of
deformation gradient _F is given in terms of the displace-
ment increment _U by

_FRY ¼
1

R

q _UR

qY
�

_UY

R
; _FYY ¼

_UR

R
þ

1

R

q _UY

qY
,

_FZY ¼
1

R

q _UZ

qY
; _FRZ ¼

q _UR

qZ
; _FYZ ¼

q _UY

qZ
,

_FZZ ¼
q _UZ

qZ
, ð33Þ

where only components within the tube surface are given.
The corresponding non-zero components of Green strain _E
are

_EYY ¼ FYY _FYY; _EZZ ¼ F ZZ
_F ZZ,

_EZY ¼ _EYZ ¼
1
2

FYY _FYZ þ FZZ
_FZY

� �
, ð34Þ

where FYZ ¼ 0 at the onset of bifurcation has been used.
The non-vanishing components of stress increment are

obtained from (24) as

_TYY ¼ CYYYY _EYY þ CYYZZ
_EZZ, (35a)

_TZZ ¼ CZZYY _EYY þ CZZZZ
_EZZ, (35b)

_TYZ ¼ _TZY ¼ 2CYZYZ
_EYZ. (35c)

The substitution of (33)–(35) into the incremental form
of equilibrium Eq. (32) gives

TZZ
q2

qZ2
�

1

R2
CYYYYF 2

YY


 �
_UR �

1

R2
CYYYYF2

YY
q _UY

qY

�
1

R
CYYZZFYYFZZ

q _UZ

qZ
¼ 0, ð36aÞ
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1

R2
CYYYYF 2

YY
q _UR

qY
þ

1

R2
CYYYYF2

YY
q2

qY2

�

þ TZZ þ CYZYZF2
YY

� � q2

qZ2



_UY

þ
1

R
CYYZZ þ CYZYZð ÞFYYFZZ

q2 _UZ

qYqZ
¼ 0, ð36bÞ

1

R
CYYZZFYYFZZ

q _UR

qZ

þ
1

R
CYYZZ þ CYZYZð ÞFYYFZZ

q2 _UY

qYqZ

þ
1

R2
CYZYZF2

ZZ

q2

qY2

�

þ TZZ þ CZZZZF 2
ZZ

� � q2

qZ2



_UZ ¼ 0. ð36cÞ

The BNNT is subjected to axial displacement and
vanishing shear stress tractions at the ends. Therefore, at
the onset of bifurcation, the increments of axial displace-
ment and shear stress tractions vanish at both ends. The
increments of stress tractions at the ends of BNNT are
given by d

dt
F � T � eZð Þ ¼ _F � T � eZ þ F � _T � eZ. The vanish-

ing of increments of shear stress tractions then gives
_FRZTZZ ¼ 0 and _FYZTZZ þ FYY _TYZ ¼ 0 in the R- and
Y- directions, respectively. In conjunction with (33), the
incremental boundary conditions at the two ends of BNNT
can be written as

_UZ ¼
q _UR

qZ
¼

q _UY

qZ
¼ 0 at Z ¼ 0 and L, (37)

where L is the length of BNNT.
The homogeneous governing equations (36) and bound-

ary conditions (37) constitute an eigenvalue problem for
the displacement increment _U. The eigenvalue is the axial
strain EZZ (or equivalently, FZZ). In other words, (36)
and (37) have only the trivial solution _U ¼ 0 until the
axial strain EZZ reaches a critical value (EZZ)critical for
bifurcation.

The general solution of (36), satisfying the homogeneous
boundary condition (37), takes the form

_UR; _UY; _UZ

� �
¼ _U

nð Þ

Rmcos nY cos
mpZ

L

�
,

_U
nð Þ

Ym sin nY cos
mpZ

L
; _U

nð Þ

Zm cos nY sin
mpZ

L



ð38Þ

where m ¼ 1,2,3,y and n ¼ 0,1,2,y are the eigen mode
numbers in the Z and Y directions, respectively, and

_U
ðnÞ

Rm; _U
ðnÞ

Ym; _U
ðnÞ

Zm

h i
is the eigenvector. The substitution of

(38) into (36) yields three homogeneous, linear algebraic

equations for _U
ðnÞ

Rm,
_U
ðnÞ

Ym and _U
ðnÞ

Zm. In order to have a non-

trivial solution, the determinant of 3� 3 coefficient matrix
for the linear algebraic equations must vanish, which gives
the following critical condition for bifurcation:

CZZZZ þ
TZZ

F2
ZZ


 �
CYYYY þ

TZZ

F2
YY

mpR

L


 �2
" #

� C2
YYZZ

þ
n2TZZ

TZZ þ CYZYZF 2
YY

CYYYY CZZZZ þ
TZZ

F 2
ZZ


 �"

� CYYZZ þ CYZYZð Þ
2
þ CYZYZ CYZYZ þ

TZZ

F2
YY

 !

þ ðn2 þ 1ÞCYYYYCYZYZ

L

mpR


 �2
#

ð39Þ

The above equation, in conjunction with the uniaxial
condition TYY ¼ 0 in (27), provides two equations to
determine EYY and EZZ (or equivalently FYY and FZZ) at
the onset of bifurcation. The strains thus obtained depend
on the eigen mode numbers m and n. The numerical results
show that the axial strain EZZ for m ¼ 1 and n ¼ 0 is
always the minimum among all EZZ for m ¼ 1,2,3y and
n ¼ 0,1,2,y. The axial strain for m ¼ 1 and n ¼ 0 at
bifurcation is denoted by (EZZ)critical, and the correspond-
ing bifurcation mode is axisymmetric (n ¼ 0).
The critical condition for bifurcation is then obtained

from (39) by letting m ¼ 1 and n ¼ 0, i.e.,

CZZZZ þ
TZZ

F2
ZZ


 �
CYYYY þ

TZZ

F2
YY

pR

L


 �2
" #

� C2
YYZZ ¼ 0.

(40)

Fig. 6 shows the bifurcation strain (EZZ)critical vs. the
aspect ratio dt/L for several armchair and zigzag BNNTs,
where dt and L are the nanotube diameter and length,
respectively. It is observed that the bifurcation
strain is virtually independent of the nanotube aspect
ratio dt/L since all curves in Fig. 6 are very flat.
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Furthermore, the bifurcation strain depends rather
weakly on the nanotube diameter dt. For example, for
armchair BNNTs, the bifurcation strain ranges from 0.233
to 0.236 for tube diameter from N to 0.570 nm. For zigzag
BNNTs, the variation of (EZZ)critical is also small,
from 0.149 to 0.153 for tube diameter from N to
0.580nm. However, the bifurcation strain depends strongly
on the helicity of BNNTs. With approximately the same
diameter, the bifurcation strain for the (4,4) armchair
BNNT is more than 50% higher than that for the (7,0)
zigzag BNNT.
7. Concluding remarks

We have proposed an atomistic-based continuum theory
for boron-nitride nanotubes (BNNTs) based on intera-
tomic potentials for boron and nitrogen. The theory is
established from the modified Cauchy–Born rule to link the
continuum constitutive model for BNNTs to interatomic
potentials of boron and nitrogen. It is shown that the
BNNT helicity (e.g., armchair vs. zigzag) has a strong
influence on the mechanical behavior of BNNT under
tension, but the BNNT radius has little effect. We have
applied the atomistic-based continuum theory to study the
Young’s modulus, stress–strain curve and onset of
bifurcation in single-wall BNNTs under tension. Here the
onset of bifurcation indicates the beginning of non-uniform
deformation in BNNTs subject to uniform tension, and is
similar to necking in a tensile bar. The bifurcation strain is
approximately independent of the BNNT radius and
length, but depends strongly on the BNNT helicity. It is
about 23% for armchair BNNTs, and 15% for zigzag
BNNTs.
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