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Stone–Wales transformation: Precursor of fracture in carbon nanotubes
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Abstract

The fracture strain of carbon nanotubes (CNTs) obtained by molecular dynamics is about 30%, which is much higher than the

experimental results (10–13%). The present study shows that this difference results mainly from defects in CNTs. As the tensile strain

reaches a few percent, defects are nucleated in the form of Stone–Wales transformation (901 rotation of a bond). A bond in the vicinity of

rotated bond breaks as the tensile strain reaches about 13%, which agrees well with the experimental results. Therefore, the Stone–Wales

transformation is the precursor of CNT fracture.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Carbon nanotubes (CNTs) possess superior properties
and have many potential applications such as nanoelec-
tronics, nanoscale electromechanical systems (NEMS), and
nanocomposites. The mass density of CNTs is only one-
sixth of that for steel, but their Young’s modulus is six
times higher than steel and is of the order 1TPa; the
strength of CNTs is of the order 50GPa, which is two
orders of magnitude higher than that of steel (e.g., see the
review articles, [1–5]).

The atomistic studies have shown that CNTs have large
tensile fracture strain around 30% [6–8] or even higher [9].
The continuum theory of Zhang et al. [10] and Jiang et al.
[11] based on interatomic potentials for carbon [12,13] also
predicts the fracture strain in the same range [14,15].
However, the experimental studies of Yu et al. [16] for
multiwall CNTs found the tensile failure strain of CNTs
between 10% and 13%, which is much lower than the
aforementioned atomistic simulations or atomistic-based
continuum studies. Most multiwall CNTs fail in a sheath-
like pattern with only the outer nanotube failing. Since the

van der Waals interactions between CNT walls are weak,
this failure is essentially the same as that for single-wall
CNTs. Yu et al. [17] also measured the failure strain of
single-wall CNT bundles, and found even lower failure
strains around 5–6%. Belytschko et al. [18] and Dumitrica
et al. [19] showed that this discrepancy between the
atomistic and experimental studies of failure strains can
be attributed to the nonphysical cutoff function introduced
in Brenner’s [12] interatomic potential. They used a
modified Morse potential to fit the Brenner potential for
strain up to 10%, and predicted the failure strain between
10% and 16%, which agrees with most of Yu et al.’s [16]
experimental results.
Belytschko et al. [18] introduced a weak bond in the

CNT to serve as the site for bond breakage in their
atomistic simulations of CNT fracture. The strength of the
weak bond was 10% lower than others. The weak bond
broke first upon loading, and bond breakage rapidly
propagated to neighbor bonds, leading to brittle fracture of
the CNT. It is unclear, however, whether the fracture strain
of CNTs depends on this imperfection. It is also unclear
how fracture starts in a perfect CNT without any
preexisting defects.
The purpose of this paper is to study the failure of single-

wall CNTs without introducing any initial imperfections.
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We study how fracture initiates in a perfect CNT without
any preexisting defects, and compare its fracture strain
with Yu et al.’s [16] experimental results. We show that,
even without any preexisting defects, Stone–Wales trans-
formation in the form of 901 rotation of a carbon bond
may occur in the CNT upon loading. This bond rotation
triggers bond breakage as the loading increases, i.e.,
Stone–Wales transformation becomes the precursor of

CNT failure. Furthermore, bond breakage always occurs
before any atomic bond length reaches the cutoff distance
(0.17 nm) in Brenner’s [12] interatomic potential such that
the Stone–Wales transformation, not the nonphysical
cutoff function in the interatomic potential, is responsible
for the discrepancy between the atomistic and experimental
studies of failure strain.

The paper is outlined as follows. We develop a hybrid
atomistic/continuum model in Section 2. The atomistic
model is used for atoms near the defect, while the
continuum theory [10] established from the interatomic
potential for carbon [12] is used for atoms far away from
the defect where the deformation is relatively uniform. The
critical strain for bond breakage following Stone–Wales
transformation in a CNT subject to tension is presented
in Section 3, and it agrees well with the experimental
results [16].

2. A hybrid atomistic/continuum model

2.1. The empirical interatomic potential for carbon

The empirical interatomic potential established by
Brenner [12] for carbon takes the form

V ¼ VRðrijÞ � B̄ijV AðrijÞ, (1)

where rij is the bond length; VR and VA are the repulsive
and attractive pair terms, respectively, and B̄ij represents
the multi-body coupling which depends on neighbor atoms
through the bond angle. The detailed expressions of VR, VA

and B̄ij and the parameters involved can be found in
Brenner [12] or in Zhang et al. [10,15]. The potential
involves a cutoff function, which comes into play once the
bond length exceeds 0.17 nm. However, the cutoff function
is irrelevant in the present study since the Stone–Wales
transformation and bond breakage occur before the cutoff
distance (0.17 nm) is reached.

2.2. Atomistic-based continuum model for deformed CNTs

For a perfect CNT prior to deformation, the atom
positions can be determined by molecular mechanics (i.e.,
energy minimization). Such an approach, however, is
inefficient for a large system with many atoms. Jiang et
al. [11] established an efficient method to determine the
atom positions on a perfect CNT prior to deformation via
energy minimization with respect to only five parameters
(three bond lengths and two angles).

For a perfect CNT subject to tension, the atom positions
on the CNT are determined by the atomistic-based
continuum theory [10,11]. The deformation gradient
F ¼ qx/qX characterizes the deformation of a material
point in the continuum analysis, where the material point
represents atoms that undergo locally uniform deforma-
tion, and X and x denote positions of the material point
prior to and after deformation, respectively. For a CNT
subject to tension, the deformed CNT remains to have a
circular cross-section such that the deformation gradient F
is intrinsically two-dimensional. Arroyo and Belytschko
[20] and Jiang et al. [11] accounted for the effect of CNT
curvature in the continuum model based on the interatomic
potential.
Let rð0Þij denote the position vector from atom i to atom j

prior to deformation. For a material point subject to the
deformation gradient F, the position vector rð0Þij becomes
rij ¼ F � rð0Þij after deformation. Using the Cauchy–Born
rule [21,22] which equates the strain energy at continuum
level to energy stored in atomic bonds, we obtain the strain
energy density W as a function of deformation gradient F,
i.e., W ¼W(F). Such an approach to obtain W from the
interatomic potential, however, is limited to materials with
a centrosymmetric atomic structure since the centrosym-
metry together with rij ¼ F � rð0Þij ensure the equilibrium of
atoms [10,15,23–25].
A CNT, however, does not possess centrosymmetry.

As shown in Fig. 1(a), a CNT prior to deformation can
be decomposed to two sub-lattices marked by open
and solid circles, respectively. Each sublattice (e.g., solid
circles) is triangular and possesses centrosymmetry. Once
the deformation is imposed, the Cauchy–Born rule
discussed above can be applied to each sub-lattice, but
two sub-lattices may undergo a shift vector f, as shown in
Fig. 1(b). This shift vector f plays the role of relaxing
atoms between two sub-lattices in order to ensure
equilibrium of atoms [10,23–25]. The position vector rij

between atoms i and j from two different sub-lattices then
becomes

rij ¼ F � rð0Þij þ f, (2)

and their distance is

rij ¼ rij

�� �� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f � fþ 2f � F � rð0Þij þ rð0Þij � F

T � F � rð0Þij

q
. (3)

The energy stored in atomic bonds obtained from the
interatomic potential now depends on both F and f. The
Cauchy–Born rule then gives the strain energy density W in
the continuum analysis in terms of F and f via the
interatomic potential, i.e., W ¼W(F,f).
The shift vector f is determined by energy minimization

which is equivalent to equilibrium of atoms [10,11], i.e.,

qW

qf
¼ 0. (4)

This is an implicit equation to determine the shift
vector f in terms of F, i.e., f ¼ f(F). The strain energy
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density then becomes

W ¼W F; fðFÞ½ �. (5)

The second Piola–Kirchhoff stress T is the work conjugate
of Green strain E ¼ 1

2
ðFT � F � IÞ, i.e., T ¼ qW/qE, where

FT is the transpose of F and I is the second-order identity
tensor. For a CNT subject to the tensile strain EZZ in the
tube axial direction Z, the uniaxial tension condition gives

Tyy ¼
qW

qEyy
¼ 0, (6)

where Eyy is the strain in the circumferential direction. Eq.
(6) gives Eyy in terms of EZZ.

2.3. A hybrid atomistic/continuum model for Stone–Wales

transformation

The atomistic-based continuum model described above
represents the collective behavior of atoms such that it
cannot be used to characterize an individual atomic bond
as in Stone–Wales transformation which involves the 901
rotation of a carbon bond. However, the effect of Stone–
Wales transformation is rather localized and limited to
atoms in the vicinity of the rotated bond. Atoms far away
from the rotated bond undergo relatively uniform defor-
mation such that the atomistic-based continuum theory is
still applicable. Jiang et al. [26] developed a hybrid
atomistic/continuum model to couple molecular mechanics
(for atoms near the rotated bond) with the atomistic-based
continuum theory to study Stone–Wales transformation in
CNTs. Their analysis, however, was limited to the
cylindrical configuration of the CNT even after the
Stone–Wales transformation. We remove this limitation
in the present study, and extend the hybrid atomistic/
continuum model to study bond breakage in the next
section.
Figs. 2(a) and (b) show schematic diagrams of the hybrid

atomistic/continuum model without and with the Stone–
Wales transformation, respectively. Even though the
planar lattices are shown in Figs. 2(a) and (b), all
calculations are done for the three-dimensional configura-
tion of the CNT. As the strain in the CNT reaches a critical
value, a carbon bond rotates 901 (Stone–Wales transfor-
mation) forming two pentagons and two heptagons which
is called the 5–7–7–5 ring pair. After the bond rotation,
atoms do not sit on a cylinder anymore, which is different
from Jiang et al. [26].
The atoms are divided to two groups as shown in

Fig. 2(a):

(i) Atoms far away from the rotated bond are marked by
open and solid circles which are consistent with Fig. 1
to distinguish atoms from two sub-lattices. Atoms in
this group undergo relatively uniform deformation
since the effect of bond rotation is rather localized.
Their positions are determined by the atomistic-based
continuum model in Section 2.2, i.e., are given in terms
of the atom positions prior to deformation (Section 2.2)
and the strain EZZ [The strain Eyy and shift vector z are
related to EZZ via Eqs. (4) and (6)].

(ii) Atoms in the vicinity of the rotated bond are marked
by shaded circles. Atoms in this group undergo
nonuniform deformation due to bond rotation. Their
positions are to be determined by molecular mechanics
to minimize the total energy of the system once atom
positions in group (i) are known. The conjugate
gradient method provided by the IMSL program [27]
is adopted to minimize the total energy.
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Fig. 1. (a) The decomposition of a hexagonal lattice to two triangular sub-

lattices, which are denoted by the dotted triangles; and (b) a shift vector z
between two sub-lattices is introduced to ensure the equilibrium of atoms.

The solid and dashed lines denote the lattice structures with and without

the shift vector z, respectively.
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It is important to point out that, even though atoms are
divided to two groups, the total energy of the system
cannot be divided because of the multi-body nature of
atomistic interactions in carbon [12]. For example, even
though atoms A and B are both in group (i) as shown in
Fig. 2(a), the energy stored in the AB bond depends on the
position of atom C in group (ii). Therefore, it is important
to account for the energy stored in all atomic bonds that is
influenced by atoms in group (ii).

We use the above hybrid atomistic/continuum model to
calculate the energy Eperfect in the system without bond
rotation (Fig. 2(a)), and energy E with 901 rotation of a

bond (Fig. 2(b)). Fig. 3 shows the difference in energy with
and without bond rotation, DE ¼ E�Eperfect, versus the
tensile strain e ( ¼ FZZ�1) for the (5,5) armchair CNT and
(10,0) zigzag CNT. The perfect structure is stable at small
strain because the energy E is higher than Eperfect. As the
strain increases, DE decreases and eventually becomes
negative such that the configuration with the rotated bond
(Fig. 2(b)) becomes energetically favorable and Stone–
Wales transformation may occur. The critical strain eSW

for Stone–Wales transformation is determined by DE ¼ 0,
which gives the critical strains eSW ¼ 5.5% for the (5,5)
armchair CNT, and eSW ¼ 9.8% for the (10,0) zigzag CNT.
These are both larger than the critical strains reported by
Jiang et al. [26] (which were limited to the cylindrical
configuration after bond rotation), but they agree well with
Nardelli et al.’s [28] molecular dynamic simulation results
(about 5% for armchair and 10% for zigzag CNTs).
The dot on each curve in Fig. 3 denotes the critical point

at which the maximum bond length reaches the cutoff
distance (0.17 nm) in Brenner’s [12] interatomic potential.
Therefore, the Stone–Wales transformation occurs before
the cutoff distance is reached such that the cutoff distance
has no effect on the Stone–Wales transformation.
There must be sufficient number of layers of atoms in

group (ii) (in the vicinity of the rotated bond) in order to
ensure the energy E and the critical strain eSW are accurate.
We have compared the results for 9, 17, 23 and 25 layers of
atoms in group (ii) and have found that the results for 23
layers have converged.

3. Bond breakage

We extend the hybrid atomistic/continuum model to
study bond breakage triggered by Stone–Wales transfor-
mation. Fig. 4(a) shows the same schematic diagram of an
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Fig. 2. A hybrid atomistic/continuum model for studying the Stone–

Wales transformation: (a) before and (b) after bond rotation, where the

atoms around the rotated bond are highlighted.
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armchair CNT as Fig. 2(b) after Stone–Wales transforma-
tion except that the rotated bond breaks. Let E denote the
energy of this system (Fig. 4(a)), and DE ¼ E�Eperfect the
energy difference with respect to the perfect structure
shown in Fig. 2(a). The breakage of the rotated bond
occurs when the above DE (for both bond rotation and
breakage) becomes less than the energy difference in Fig. 3
for Stone–Wales transformation only.

The bond breakage, however, may occur at one of the
other bonds in the vicinity of the rotated bond as
illustrated in Fig. 4(b), if the breakage of such a bond
gives lower energy than that for the breakage of the rotated
bond (Fig. 4(a)). Fig. 5 shows the energy difference
DE ¼ E�Eperfect versus the tensile strain e for (5,5)
armchair CNTs with three possible imperfections,

(i) Stone–Wales transformation only as illustrated in
Fig. 2(b);

(ii) Stone–Wales transformation and the breakage of
rotated bond as illustrated in Fig. 4(a);

(iii) Stone–Wales transformation and bond breakage in the
vicinity of rotated bond as illustrated in Fig. 4(b).

The energy difference DE is always positive for strain less
than 5.5% such that the perfect structure (Fig. 2(a)) is
stable at small strain. Once the strain exceeds 5.5% (but
less than 12.7%), DE becomes negative for Stone–Wales
transformation, though the corresponding curve is still
lower than the other two for bond breakage. Therefore,
Stone–Wales transformation (without bond breakage)
becomes more energetically favorable. Once the strain
reaches 12.7%, the curve for Stone–Wales transformation
intercepts that for bond breakage in the vicinity of rotated
bond (Fig. 4(b)). The bond breakage (following Stone–
Wales transformation) is more energetically favorable for
strain larger than 12.7%, and may occur in the vicinity of
rotated bond. The rotated bond does not break because the

corresponding curve is always above that for bond
breakage in the vicinity of rotated bond (Fig. 4(b)). In
fact, bond breakage shown in Fig. 4(b) occurs at the
smallest strain among all possible bonds in the vicinity of
rotated bond.
The CNT failure is brittle at low temperature (e.g., Ref.

[19,28]) such that the bond breakage rapidly propagates
and leads to fracture of the CNT. The strain for bond
breakage (12.7%) is much smaller than that (around 30%)
reported in molecular dynamics studies [6–8], but it
agrees well with the experimentally measured fracture
strain 10–13% [16]. These molecular dynamics simulations
involve high strain rate, and do not allow sufficient time for
relaxation, which prevents the Stone–Wales transformation
and leads to large fracture strain. The results in Fig. 5
suggest that bond breakage triggered by Stone–Wales
transformation may occur at a smaller strain of 12.7% in
the (5,5) armchair CNT.
Similar to Fig. 3, the dot on each curve in Fig. 5 denotes

the critical strain at which the maximum bond length
reaches the cutoff distance (0.17 nm) in Brenner’s [12]
interatomic potential. Bond breakage occurs before the
cutoff distance is reached such that the cutoff distance has
no effect on fracture of CNTs.
Fig. 6 shows the energy difference DE ¼ E�Eperfect

versus strain e for (10,0) zigzag CNTs with (i) Stone–
Wales transformation only; (ii) Stone–Wales transforma-
tion and the breakage of rotated bond as illustrated in
Fig. 7(a); and (iii) Stone–Wales transformation and bond
breakage in the vicinity of rotated bond as illustrated in
Fig. 7(b). Stone–Wales transformation occurs at 9.8% for
the (10,0) zigzag CNT while bond breakage occurs at
13.3% in the vicinity of rotated bond. Similar to armchair
CNTs, the rotated bond does not break. The configuration
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Fig. 4. Schematic diagram of bond breakage following Stone–Wales

transformation; (a) breakage of the rotated bond; (b) bond breakage in the

vicinity of rotated bond.
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shown in Fig. 7(b) gives the lowest strain for bond
breakage in the vicinity of rotated bond. The critical strain
(9.8%) for Stone–Wales transformation in zigzag (10,0)
CNT is much higher than its counterpart (5.5%) for (5,5)
armchair CNT, but the strains for bond breakage are
rather close (12.7% versus 13.3%), and both agree well
with the fracture strain reported in Yu et al.’s [16]
experiments.

4. Concluding remarks

We have used a hybrid atomistic/continuum model to
study the Stone–Wales transformation and bond breakage
in carbon nanotubes (CNTs) subject to tension. It is shown
that bond breakage occurs after the Stone–Wales trans-
formation, and the failure strain is about 13%, which is

much smaller than the fracture strain (around 30%)
reported in molecular dynamics studies, but it agrees well
with the experimental results. Therefore, the Stone–Wales
transformation is the precursor of CNT fracture. In other
words, bond breakage does not occur directly in a perfect
CNT which requires 30% strain. Instead, it follows Stone–
Wales transformation and occurs at only 13% strain.
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