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Nix and Gao established an important relation between microindentation hardness
and indentation depth. Such a relation has been verified by many microindentation
experiments (indentation depths in the micrometer range), but it does not always hold
in nanoindentation experiments (indentation depths approaching the nanometer range).
We have developed a unified computational model for both micro- and
nanoindentation in an effort to understand the breakdown of the Nix–Gao relation at
indentation depths approaching the nanometer scale. The unified computational model
for indentation accounts for various indenter shapes, including a sharp, conical
indenter, a spherical indenter, and a conical indenter with a spherical tip. It is based on
the conventional theory of mechanism-based strain gradient plasticity established from
the Taylor dislocation model to account for the effect of geometrically necessary
dislocations. The unified computational model for indentation indeed shows that the
Nix–Gao relation holds in microindentation with a sharp indenter, but it does not hold
in nanoindentation due to the indenter tip radius effect.

I. INTRODUCTION

Microindentation hardness experiments have repeat-
edly shown that the indentation hardness of crystalline
materials displays a strong size effect. The measured in-
dentation hardness of metallic materials typically in-
creases by a factor of two or three as the indentation
depth decreases to submicrons, that is, smaller is
harder.1–10 Based on the Taylor dislocation model11,12

and a model of geometrically necessary dislocations
(GND) underneath a sharp indenter tip shown in the inset
of Fig. 1, Nix and Gao13 established the following rela-
tion between the microindentation hardness H and the
indentation depth h for a sharp, conical indenter

� H

H0
�2

= 1 +
h*

h
, (1)

where h* is a characteristic length given by Nix and
Gao13 that depends on not only the properties of the

indented material but also the indenter angle, and it is
typically of the order micrometers, and H0 is the inden-
tation hardness for a large indentation depth (e.g., h �
h*). The above relation is based on the self-similar de-
formation field underneath the sharp indenter, and it pre-
dicts a linear relation between H2 and 1/h, which corre-
sponds to a straight line in the H2 ∼ 1/h plot. Figure 1
shows the microindentation hardness data for single-
crystal and polycrystalline copper8 as well as for single-
crystal silver.6 It is clearly observed that the microinden-
tation hardness for a sharp, conical indenter agrees very
well with the Nix–Gao relation (1) over the entire range
of indentation depth above 0.2 �m.

There are, however, some recent nanoindentation
hardness data for a sharp, conical indenter that does not
obey the Nix–Gao relation (1). As shown in Fig. 2, Lim
and Chaudhri’s14 nanoindentation hardness data with the
Berkovich indenter for annealed copper start to deviate
from the Nix–Gao relation (1) (the straight line in Fig. 2)
when the indentation depth h is of the order submicrome-
ters. Even though the indentation hardness continues to
increase as the indentation depth decreases (i.e., smaller
is still harder), the hardness data are significantly lower
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than the straight line predicted by Nix and Gao.13

Swadener et al.15 also used the Berkovich indenter and
showed that the nanoindentation hardness data for an-
nealed iridium are smaller than that given by the Nix–
Gao relation (1) when the indentation depth h becomes
submicrometer (Fig. 2). Recently, Feng and Nix16 and

Elmustafa and Stone17 found that, once the indentation
depth is less than 0.2 �m, the Nix–Gao relation (1) does
not hold in MgO (Fig. 2) and in annealed �-brass and
aluminum, respectively. It is clear that the linear relation
(1) between H2 and 1/h predicted by Nix and Gao13 does
not hold in nanoindentation with the indentation depth of
the order submicrometer or below. However, the cause of
this deviation from the Nix–Gao relation in nanoinden-
tation is still unclear.

Besides nanoindentation, there also exist other micro-
indentation hardness data that do not follow the Nix–Gao
relation (1) at micrometer-depth indentations.14,15,18–21

The indenters in these experiments are primarily spheri-
cal indenters15 or conical indenters with spherical tips.19

These spherical indentation data consistently show the
opposite depth dependence of indentation hardness, that
is, the indentation hardness decreases with the indenta-
tion depth15—smaller is softer. These indentation hard-
ness data from spherical indentation experiments do not
follow the Nix–Gao relation (1), which was established
for a sharp, conical indenter.

The objective of this paper is to study a possible cause
of the deviation of nanoindentation hardness from the
Nix–Gao relation (1). We adopt a single, unified com-
putational model for both micro- and nanoindentation
with different indenter shapes, including (i) a “sharp”,
conical indenter; (ii) a spherical indenter; and (iii) a coni-
cal indenter with a spherical tip.

Similar to Nix and Gao,13 our analysis is based on the
Taylor dislocation model.11,12 However, the GND den-
sity for a conical indenter with a spherical tip cannot be
simply estimated as Nix and Gao13 did for a sharp, coni-
cal indenter because the deformation field underneath the
spherical indenter tip is no longer self-similar. We adopt
the conventional theory of mechanism-based strain gra-
dient plasticity (CMSG),22 which is also established from
the Taylor dislocation model11,12 and can account for
nonuniform distributions of GND density underneath a
spherical indenter tip. We use the finite element method
for CMSG to study the indentation hardness and to pre-
dict the distribution of dislocation density underneath the
indenter.

The outline of this paper is as follows. Section II gives
a summary of CMSG, and Sec. III provides details of the
unified computational model for both micro- and nanoin-
dentation with different indenter shapes, including a
sharp, conical indenter, a spherical indenter, and a coni-
cal indenter with a spherical tip. The numerical results in
Sec. IV based on the unified computational model for
indentation indeed show that, due to the indenter tip ra-
dius effect, the microindentation hardness (indentation
depth above submicrometer) agrees well with the Nix–
Gao relation (1), but nanoindentation hardness (indenta-
tion depth on the order of submicrometer or below) does
not obey the Nix–Gao relation. (Here the indenter tip

FIG. 1. Microindentation hardness data for single-crystal and poly-
crystalline copper,8 as well as for single crystal silver.6 Here h is the
indentation depth, H is the microindentation hardness, and H0 is the
indentation hardness for large depths of indentation. The Nix–Gao
relation (1) is also shown for each set of experimental data, and it
agrees well with the microindentation hardness data. The inset shows
Nix and Gao’s13 model of geometrically necessary dislocations under-
neath a sharp indenter.

FIG. 2. Micro- and nanoindentation hardness data for annealed poly-
crystalline copper14, annealed iridium16, and MgO.17 The Nix–Gao
relation (1) is also shown for each set of experimental data, and it does
not agree well with the nanoindentation hardness data.
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radius effect refers to the change of indenter tip geometry
from a sharp tip to a round tip).

II. TAYLOR DISLOCATION MODEL AND THE
CONVENTIONAL THEORY OF
MECHANISM-BASED STRAIN
GRADIENT PLASTICITY

A. Taylor dislocation model

The shear flow stress � is related to the dislocation
density � by11,12,23

� � ��b �� , (2)

where � is the shear modulus, b is the magnitude of
Burgers vector, and � is an empirical coefficient around
0.3. The dislocation density � is composed of the density
�S for statistically stored dislocations (SSD), which ac-
cumulate by trapping each other in a random way,24 and
the density �G for geometrically necessary dislocations
(GND), which are required for compatible deformation
of various parts of the nonuniformly deformed mate-
rial,24–26 that is,

� = �S + �G . (3)

The GND density �G is related to the curvature of
plastic deformation,13,24 or effective plastic strain gradi-
ent �p, by

�G � r
�p

b
, (4)

where r̄ is the Nye factor introduced by Arsenlis and
Parks27 to reflect the effect of crystallography on the
distribution of GNDs, and r̄ is around 1.90 for face-
centered-cubic (fcc) polycrystals.27,28

The tensile flow stress �flow is related to the shear flow
stress � by

�flow � M� , (5)

where M is the Taylor factor which acts as an isotropic
interpretation of the crystalline anisotropy at the con-
tinuum level, and M � 3.06 for fcc metals29–31 as well as
for body-centered-cubic bcc metals that slip on {110}
planes.31 The substitution of (2)–(4) into (5) yields

�flow = M��b ��S + r
�p

b
. (6)

For uniaxial tension, the flow stress can also be related
to the plastic strain �p by �flow � �ref f(�p), where �ref is
a reference stress and f is a nondimensional function
determined from the uniaxial stress–strain curve. Be-
cause the plastic strain gradient �p vanishes in uniaxial
tension, the SSD density �S is determined from Eq. (6) as

�S � [�ref f(�p)/(M��b)]2.13 The flow stress in Eq. (6)
then becomes

�flow = ���ref f��
p��2 + M2r�2�2b�p

= �ref�f2��p� + l�p , (7)
where

l = M2r�2� �

�ref
�2

b = 18�2� �

�ref
�2

b , (8)

is the intrinsic material length in strain gradient plastic-
ity, M � 3.06 and r̄ � 1.90. This intrinsic material
length represents a natural combination of the effects of
elasticity (via the shear modulus �), plasticity (via the
reference stress �ref) and atomic spacing (via the Burgers
vector b). It is important to note that, even though this
intrinsic material length l depends on the choice of the
reference stress �ref in uniaxial tension, the flow stress
�flow in Eq. (7) does not because the strain gradient term
inside the square root in Eq. (7) becomes �ref

2 l�p �
18�2�2b�p and is independent of �ref.

B. An alternative expression of the uniaxial
stress–strain curve

Huang et al.22 suggested to rewrite the uniaxial stress–
plastic strain relation � � �ref f(�p) to the following
viscoplastic expression32–34 to pave the way for the es-
tablishment of CMSG

�
. p = �

.
0� �

�ref f��p�
�m

, (9)

where �
. p is the rate of plastic strain, �

.
0 is a reference

strain rate, and m is the rate-sensitivity exponent which
usually takes a large value (m 	 20). In the limit m → 
,
Eq. (9) degenerates to � � �ref f(�p). Equation (9), how-
ever, displays a strain-rate sensitivity such that the re-
sulting stress–strain relation depends on the normalized
time �

.
0t, even though this rate sensitivity is rather weak

for a large m (	20).
Following Kok et al.,35–37 Huang et al.22 proposed to

replace the reference strain rate �
.
0 by the effective strain

rate �
.

to eliminate the strain-rate sensitivity. Equation (9)
then becomes

�
. p = �

.� �

�ref f��p�
�m

. (10)

In the limit m → 
, Eq. (10) also degenerates to the
uniaxial stress–strain relation � � �ref f(�p). Because Eq.
(10) has strain rate on both sides, the resulting stress-
strain relation becomes independent of the strain rate,
that is, the strains do not change once the stresses are
fixed. Figure 3 shows the uniaxial stress–strain relation
for rate sensitivity exponent m � 5, 20, and 
 obtained
by Huang et al.22 All modeling parameters can be found
in Huang et al.22 It is clearly observed that all curves are
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very close, and there is essentially no difference between
the curves for m � 20 and m � 
. Therefore, Eq. (10)
with m 	 20 is an excellent representation of the uniaxial
stress–strain relation � � �ref f(�p). Even though such an
approach looks complex, it paves the way to establish
CMSG based on the Taylor dislocation model, as dis-
cussed in the following.

C. The constitutive model in CMSG

The volumetric strain rate �
.
kk and deviatoric strain rate

�
.
ij� in CMSG plasticity are related to the stress rate in the

same way as in classical plasticity, that is,

�
.
kk =

�
.

kk

3K
, (11)

�
.
ij� = �

.
ij�
e + �

.
ij
p =

�
.

ij�

2�
+

3�
. p

2�3
�ij� , (12)

where K and µ are the elastic bulk and shear moduli, �
.
ij�e

and �
.
ij
p are the elastic deviatoric and plastic strain rates,

respectively, �ij� is the deviatoric stress, and �e �
(3�ij� �ij� /2)1/2 is the effective stress. The effective plastic
strain rate �

. p � (2�
.

ij
p �

.
ij
p /3)1/2 is obtained from Eq. (10)

except that the tensile flow stress �ref f(�p) in the denomi-
nator is replaced by the flow stress in Eq. (7) established
from the Taylor dislocation model accounting for the
strain gradient effect, that is,

�
. p = �

. � �e

�flow
� = �

. � �e

�ref�f2��p� + l�p�m

,

(13)

where �
.

� (2�
.
ij� �

.
ij� /3)1/2. Equations (11)–(13) can be re-

arranged to give the stress rate in terms of the strain rate,

�
.

ij = K�
.
kk�ij

+ 2���
.
ij� �

3�
.

2�e
� �e

�ref�f2��p� + l�p�m

�ij� � .

(14)

This is the constitutive relation in CMSG, which in-
volves the conventional stress and strain only. The plastic
strain gradient comes into play to reduce the incremental
plastic modulus, similar to Acharya and Bassani38 and
Acharya and Beaudoin.39 CMSG also bears similarity
with Evers et al.40 viscoplastic strain gradient plasticity
theory because CMSG would have been viscoplastic if
�
.

0 were not replaced by �
.

in Eq. (10). Furthermore,
Huang et al.22 compared CMSG with the higher order
theory of mechanism-based strain gradient plasticity
(MSG)41–43 that is also established from the Taylor dis-
location model.11,12 Figure 4 shows the strain distribu-
tions given by CMSG and the higher order theory of
MSG for a bar subject to a constant body force to illus-
trate their differences. All modeling parameters can be
found in Huang et al.22 It is clearly observed that CMSG
and MSG give the same strain distribution except within
thin boundary layers near the two ends. These boundary
layers are due to the additional boundary conditions in-
troduced in the higher-order theory of MSG. Further-
more, Shi et al.44 showed that the thickness of boundary
layers

FIG. 3. Uniaxial stress–strain relation for rate sensitivity exponent
m � 5, 20, and 
; �Y is the initial yield stress; plastic work hardening
exponent N � 0.2, the ratio of yield stress to Young’s modulus
�Y/E � 0.2%, Poisson’s ratio v � 0.3. The limit m � 
 corre-
sponds to the conventional power-law hardening relation � � �Y(1 +
CE�p/�Y)N.

FIG. 4. The distribution of strain gradient Ld�11/dx1 in the bar pre-
dicted by CMSG (solid line) and MSG plasticity (dashed curve) theo-
ries for bar length L � 0.1l, where l is the intrinsic material length in
strain gradient plasticity. The material parameters are the plastic work
hardening exponent N � 0.5, Poisson’s ratio v � 0.5, the ratio of yield
stress to Young’s modulus �Y/E � 0.2%, and rate sensitivity exponent
m � 20.
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is on the order of L2/l, and is typically around 10 nm for
metallic materials, where L is the average dislocation
spacing and l is the intrinsic material length in Eq. (8).
Therefore, CMSG can characterize the deformation of
solids to the same accuracy as the higher order theory of
MSG except in the thin boundary layers whose thickness
is on the order of 10 nm.

The effective plastic strain gradient �p in CMSG is
defined in the same way as that in the higher-order MSG
theory,41–43 and is given by

�p = ��
. p dt, �

. p = �1

4
�
.

ijk
p �

.
ijk
p , �

.
ijk
p

= �
.
ik,j
p + �

.
jk,i
p � �

.
ij,k
p , (15)

where �
.

ij
p is the tensor of plastic strain rate.

The equilibrium equations in CMSG are identical to
those in conventional continuum theories. There are no
extra boundary conditions beyond those in conventional
continuum theories. Therefore, CMSG is simpler than
the higher-order strain gradient plasticity theories,
though it may not be accurate within thin boundary lay-
ers of the solid.

D. Finite element analysis for CMSG

Unlike the higher order theories of strain gradient plas-
ticity,41–43,45–48 CMSG does not involve the higher order
stress such that the equilibrium equations, kinematic re-
lations between strain and displacement, and boundary
conditions are identical to those in classical plasticity
theories. Only the constitutive model is modified to ac-
count for the plastic strain gradient effect. Therefore,
CMSG does not require new finite elements (while the
aforementioned higher order theories do), and the use of
only conventional finite elements makes it easy and
straightforward to implement CMSG in the finite ele-
ment program. In fact, we have implemented CMSG in
the ABAQUS finite element program49 via its USER-
MATERIAL subroutine UMAT.50 The only effort be-
yond that in classical plasticity is the evaluation of plastic
strain gradient within UMAT, which is accomplished nu-
merically by interpolating the plastic strain increment

�p within each element via the values at Gaussian in-
tegration points in the isoparametric space, and by deter-
mining the gradient of plastic strain increment via the
differentiation of the shape function.

Besides simplicity, another advantage of CMSG in the
indentation analysis based on the ABAQUS is that only
the USER-MATERIAL subroutine UMAT is needed.
This allows the rigorous modeling of contact between the
indented material and indenter. On the contrary, the
higher-order theories of strain gradient plasticity43,51–53

require the USER-ELEMENT subroutine UEL (for new
elements), which cannot be combined with any contact

models in ABAQUS, and require additional assumptions
and iterative procedures in the indentation analysis, as
further discussed in the next section.

III. A UNIFIED COMPUTATIONAL MODEL FOR
BOTH MICRO- AND NANOINDENTATION WITH
VARIOUS INDENTERS

The indentation hardness is defined in the usual way as
the mean pressure exerted by the indenter at the maxi-
mum load. In this section, we develop a unified compu-
tational model for both micro- and nanoindentation with
three different indenter shapes. Here micro- and nanoin-
dentation refer to indentation depth above and below
submicrometers, respectively.

Figure 5 shows a schematic diagram of (i) a sharp,
conical indenter with the cone angle of 140.6°; (ii) a
spherical indenter with radius R; and (iii) a conical in-
denter with a spherical tip of radius R.

Here the cone angle is 140.6° (Fig. 5) such that the
conical indenter gives the same contact area A � 24.5h2

as the Berkovich indenter at the same indentation depth
h.12 For simplicity, the indenter is assumed to be rigid
and axisymmetric, which is a standard assumption in all
existing indentation models based on strain gradient plas-
ticity.43,51–54 For the conical indenter with a spherical tip,
there exits a critical contact radius ac � Rcos70.3° �
0.34R which separates the spherical and conical inden-
tation (Fig. 5). For contact radius a < ac, the conical part
of the indenter is not in contact with the indented material
such that the indentation is the same as that for a spheri-
cal indenter of the same radius. For a � ac, the conical
indenter with a spherical tip becomes essentially the
same as the sharp, conical indenter because the effect of
indenter tip becomes negligible.

Indentation can be represented by the contact model
between the rigid indenter and the indented material in
the finite element analysis. The finite sliding, hard con-
tact model in ABAQUS49 is used, which allows the slid-
ing between two contact surfaces but no interpenetration.

FIG. 5. Schematic diagrams of a sharp, conical indenter with the cone
angle of 140.6°; a spherical indenter with radius R; and a conical
indenter (cone angle 140.6°) with a spherical tip of radius R.
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The normal and shear tractions are continuous within the
contact zone, and they vanish outside the contact zone.
We have studied both frictionless contact (i.e., vanishing
shear stress tractions) and frictional contact (i.e., the
shear stress traction related to normal stress traction via
the friction coefficient). For the friction coefficient less
than or equal to 0.2, there are essentially no differences
between the indentation hardness predicted by the fric-
tional and frictionless contact models. Only the results
for frictionless contact are presented in the following.

The contact model has the advantage that the contact
radius, which is needed to determine the contact area and
therefore the indentation hardness, can be determined
directly from the finite element analysis. The contact
model can be used together with UMAT, but not with the
USER-ELEMENT subroutine UEL in ABAQUS. The
higher order theories of strain gradient plasticity, which
usually involve UEL, must involve additional approxi-
mations to determine the contact radius and indentation
hardness. For example, Begley and Hutchinson,51 Huang
et al.,43 and Xue et al.52 imposed only the displacement
normal to the surface of the indented material and ne-
glected displacements tangential to the surface. Further-
more, they used an iterative, time-consuming procedure
to determine the contact radius. The current analysis
based on CMSG avoids these additional approximations
and iterations.

IV. MICRO- AND NANOINDENTATION HARDNESS

In this section, we use the unified computational
model for indentation in Sec. III to study the micro- and
nanoindentation hardness of annealed copper8 and pro-
vide an explanation for the Nix–Gao relation (1) to hold
in microindentation but not in nanoindentation hardness
experiments. For annealed copper, McElhaney et al.8 and
Nix and Gao13 reported the indentation hardness
H0 � 834 MPa for large indentation depths (� micro-
meters, no strain gradient effect).

A. Material properties of annealed copper

The relation between flow stress �flow and plastic
strain �p in uniaxial tension can be generally expressed
via the power law as

�flow = �ref f��p� = �Y�1 + C
E�p

�Y
�N

, (16)

where �Y is the yield stress in uniaxial tension, E is the
Young’s modulus, N (<1) is the plastic work hardening
exponent, and C is a dimensionless parameter to be de-
termined from the uniaxial stress–strain curve and is of
the order 1. For the limit of vanishing plastic strain �p →
0, the flow stress degenerates to the yield stress �Y. In the
other limit of plastic strain much larger than the yield

strain �Y /E, the flow stress �flow becomes proportional
to (�p)N, that is, a power law. The reference stress in Eq.
(16) can be taken as �ref � �Y(E/�Y)N, and the function
f then becomes f(�p) � (�Y/E + C�p)N.

The Young’s modulus E � 109 GPa for copper and
Poisson’s ratio � � 0.3 give the shear modulus � �
42GPa, which agrees with the value reported by Mc-
Elhaney et al.8 The Burgers vector is b � 0.255 nm. We
take the plastic work hardening exponent N � 0.3 for
annealed polycrystalline copper, which agrees with the
experimental data.43,55,56 The yield stress for annealed
copper is taken as �Y � 76.8 MPa52,57 such that the
indentation hardness for large indention depths
(� micrometers, no strain gradient effect) agrees with the
experimental value H0 � 834 MPa reported by McEl-
haney et al.8 and Nix and Gao.13 The rate sensitivity
exponent is m � 20, and C � 0.73.

B. Microindentation hardness for a sharp,
conical indenter

Another parameter that remains to be determined is the
coefficient � in the Taylor dislocation model in (2). This
coefficient � appears in the intrinsic material length l in
Eq. (8) and therefore influences the depth-dependent mi-
cro- and nanoindentation hardness. Nix and Gao13 deter-
mined � from the depth-dependent hardness of annealed
copper in microindentation (i.e., indentation depth above
submicrometer). Their model was for a sharp indenter
because the SEM micrographs of McElhaney et al.8 mi-
croindentation experiments showed that, over the scale of
1 �m, the indenter tip was still very sharp such that the
tip radius must be about 0.1 �m or less. In fact, Nix and
co-workers have estimated the indenter tip radius by
measuring the elastic contact (with displacement up to
10 nm) on flat fused quartz and observed a Hertz-type
force–displacement relation from which the tip radius
can be determined. It is confirmed that the radius of sharp
indenter is indeed about 0.1 �m or less. Therefore, the
sharp, conical model can be used for microindentation
experiments whose depth of indentation is larger than
submicrometer.

We also use the model of sharp, conical indenter, to-
gether with the computational model for indentation in
Sec. III and CMSG, to determine the coefficient � from
McElhaney and colleagues’8 microindentation hardness
data for annealed polycrystalline copper. The cone angle
is 140.6° (Fig. 5). Only the microindentation data for
the indentation depth above 0.3 �m are used to en-
sure that the effect of indenter tip radius (< 0.1 �m) can
be neglected such that the sharp indenter model holds.
Figure 6 shows the microindentation hardness [(H/H0)2]
predicted by CMSG versus the reciprocal of indenta-
tion depth (1/h) for polycrystalline copper, where H0 �
834 MPa is the indentation hardness for large depth of
indentation (� micrometers) given by Nix and Gao.1
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The coefficient � in the Taylor dislocation model is taken
as 0.17. The experimental data of McElhaney et al.8 for
annealed copper are also shown in Fig. 6 for comparison.
It is observed that the microindentation hardness pre-
dicted by CMSG agrees very well with the experimen-
tally measured indentation hardness for indentation depth
larger than 0.3 �m. Moreover, the numerical results

based on CMSG do give a straight line in Fig. 6, and
agree with the Nix–Gao relation (1). This confirms that
the Nix–Gao relation (1) holds in microindentation with
a sharp indenter.

To explain why the Nix–Gao relation (1) holds in mi-
croindentation, we show the contour plots of statistically
stored dislocation (SSD) density �S and geometrically
necessary dislocation (GND) density �G in Figs. 7, 8, and
9. Here we use �S � [�ref f(�p)/(M��b)]2 in Sec. II and
�G � r̄�p/b in (4) to obtain the SSD and GND densities
from the plastic strain and strain gradient, respectively.
The indentation depths are h � 2 �m and 0.067 �m,
where h � 0.067 �m is already in the nanoindentation
range. Each contour is shown for a region of 31.3h ×
19.6h underneath the indenter, and the region scales with
the indentation depth h. It is observed that the distribu-
tion of SSD density for a relatively large indentation
depth h � 2 �m in Fig. 7(a) is almost identical to that
for a much smaller indentation depth h � 0.067 �m in
Fig. 7(b). This suggests that the distribution of SSD den-
sity for a sharp indenter is self similar, and takes the form

�S =
1

bl
�~S �x

h
,

y

h
,

z

h� , (17)

where b is the Burgers vector, l is the intrinsic material
length in Eq. (8), and �̃S is a nondimensional function of
position normalized by the indentation depth h.

Figure 8 shows the contour plots of GND density �G

for the same indentation depths. The GND density for
the relatively large indentation depth h � 2 �m is
much lower than that for small indentation depth h �
0.067 �m, that is, the GND density increases as the in-
dentation depth decreases. The Nix–Gao model13 suggests

FIG. 6. The depth dependence of indentation hardness for polycrys-
talline copper. Here H is the microindentation hardness, H0 is the
hardness for large depths of indentation, and h is the indentation depth.
The material properties are Young’s modulus E � 109 GPa, Poisson’s
ratio � � 0.3, plastic work hardening exponent N � 0.3, yield stress
�Y � 76.8 MPa, Burgers vector b � 0.255 nm, rate sensitivity ex-
ponent m � 20, and the coefficient in the Taylor dislocation model
� � 0.17. The experimental data of McElhaney et al.8 have been
replotted by Nix and Gao.13

FIG. 7. Contour plots of statistically stored dislocation density in a region of 31.3h × 19.6h underneath the indenter, where h is the indentation
depth. (a) A sharp, conical indenter (cone angle 140.6°) at h � 2 �m; (b) a sharp conical indenter (cone angle 140.6°) at h � 0.067 �m; and
(c) a conical indenter (cone angle 140.6°) with spherical tip (tip radius R � 1 �m) at h � 0.067 �m. The contours range from 1014/m2 to 1016/m2.
The material properties are the same as those in Fig. 6.
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the GND density to be proportional to 1/h. To verify this
1/h dependence, we show the contour plots of �Gh in
Fig. 9. It is observed that the contour plots of �Gh are
almost identical for indentation depths h � 2 �m and
0.067 �m, which confirms that �G � 1/h in the Nix–Gao
model. Therefore, the GND density �G takes the form

�G =
1

bh
�~G �x

h
,

y

h
,

z

h� , (18)

where b is the Burgers vector, and �̃G is a nondimen-
sional function of position normalized by the indentation
depth h. The substitution of Eqs. (17) and (18) into the
Taylor dislocation model (2) leads to the 1/h dependence
of �flow

2 (or equivalently, H2).

The Nix and Gao model13 assumes a constant GND
density proportional to 1/h in a semisphere underneath
the indenter and a vanishing GND density outside the
semisphere. On the contrary, Fig. 8 shows continuous
distributions of GND density that is not constant and
decays away from the indenter tip. In fact, the compari-
son of Figs. 7 and 8 indicates that the GND density
decays much faster than the SSD density away from the
indenter tip. Therefore, the effect of GND is very local-
ized around the indenter such that the assumption of
vanishing GND density outside a semisphere in the
Nix–Gao model13 is not unreasonable. It is interesting
to note from Fig. 8 that the contours of constant GND
density are approximately semispheres, which provides

FIG. 8. Contour plots of geometrically necessary dislocation density in a region of 31.3h × 19.6h underneath the indenter, where h is the
indentation depth. (a) A sharp, conical indenter (cone angle 140.6°) at h � 2 �m; (b) a sharp conical indenter (cone angle 140.6°) at h � 0.067
�m; and (c) a conical indenter (cone angle 140.6°) with spherical tip (tip radius R � 1 �m) at h � 0.067 �m. The contours range from 1014/m2

to 1017/m2. The material properties are the same as those in Fig. 6.

FIG. 9. Contour plots of �Gh for the same two indentation depths (a) h � 2 �m and (b) 0.067 �m as in Figs. 7 and 8 for a sharp, conical indenter.
Here, �G is geometrically dislocation density. The material properties are the same as those in Fig. 6. The region is 31.3h × 19.6h underneath the
indenter.
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the validation for the assumption of GND in a semisphere
in the Nix-Gao model.13

The good agreement between the experimentally
measured and numerically predicted microindentation
hardness in Fig. 6 provides the validation of CMSG
theory and the computational model for indentation in
Sec. III. We use such a model in the next section to study
the indenter tip radius effect in microindentation.

C. Microindentation hardness for a conical
indenter with a spherical tip

We use the unified computational model for indenta-
tion in Sec. III to investigate the effect of indenter
tip radius in microindentation of a conical indenter with
a spherical tip. All material properties are given in
Sec. IV. A, and the coefficient � in the Taylor dislocation
model is � � 0.17 (Sec. IV. B). The cone angle is 140.6°
(Fig. 5), and the radius of spherical tip is R � 1 �m.
Figure 10 shows the microindentation hardness versus
the contact radius a predicted by CMSG for a conical
indenter with a spherical tip. The contact radius a is
related to the indentation depth via the geometry of the
indenter. The results for a sharp, conical indenter with the
same cone angle (140.6°) and for a spherical indenter
with the same radius (1 �m) are also presented in Fig. 10
for comparison. The minimal contact radius a presented
in Fig. 10 is about 0.2 �m, at which the indentation depth
is h � 0.072 �m for the sharp, conical indenter, and h �
0.02 �m for the spherical indenter and for the conical
indenter with a spherical tip. The sharp, conical indenter
gives monotonically increasing indentation hardness

with the decreasing indentation depth, which is consis-
tent with the experimental observations “smaller is
harder” for a sharp indenter. For the spherical indenter,
the indentation hardness displays the opposite depth
dependence, that is, the indentation hardness decreases
with the indentation depth, which agrees with the experi-
ments with spherical indenter.14,15 Xue et al.52 developed
a simple model to explain this opposite depth depend-
ence for sharp and spherical indenters. They showed that,
for a sharp indenter, the average plastic strain underneath
the indenter is essentially independent of the indentation
depth (i.e., self-similar deformation field), but the plastic
strain gradient is proportional to 1/h. For a spherical in-
denter, however, the plastic strain gradient becomes in-
dependent of h, but the average plastic strain increases
with the indentation contact radius. These observations,
together with the Taylor dislocation model (2), lead to
the opposite depth dependence of indentation hardness
for sharp and spherical indenters.

For a conical indenter with a spherical tip, the inden-
tation hardness is the same as that for a spherical indenter
when the contact radius a is less than the critical contact
radius ac � 0.34R. For a > ac, the conical part of the
indenter is in contact with the indented material; the cor-
responding curve in Fig. 10 for the conical indenter with
a spherical tip deviates from that for the spherical in-
denter. The critical point separating spherical and conical
indentation is marked in Fig. 10. As the indentation depth
continues to increase, the curve for the conical indenter
with a spherical tip gradually approaches that for the
sharp, conical indenter, as the effect of indenter tip radius
gradually diminishes. This point will become clearer in
Fig. 11 to be shown later.

One important observation from Fig. 10 is that, con-
trary to the sharp, conical indenter and spherical indenter,
the indentation hardness for the conical indenter with a
spherical tip does not display a monotonic dependence
on the contact radius in microindentation. As shown in
Fig. 10, the indentation hardness (i) initially increases
with the contact radius a (due to the strain hardening
associated with spherical contact); (ii) reaches a peak
value; and (iii) then decreases with the contact radius a
(due to strain gradient effect).

This non-monotonic depth dependence of indentation
hardness may explain some opposite experimental obser-
vations for a conical indenter with a spherical tip. For
example, as the indentation depth increases, Swadener
et al.15 observed the increase of indentation hardness in
spherical indentation, whereas Tymiak et al.19 observed
the opposite for a conical indenter with a spherical tip.
This difference may be because the indentation data of
Tymiak et al.19 are on the descending part of the curve
for a conical indenter with a spherical tip in Fig. 10.

Figures 7(c) and 8(c) show the SSD and GND densi-
ties for a conical indenter (cone angle 140.6°) with

FIG. 10. Microindentation hardness versus the contact radius pre-
dicted by CMSG for a conical indenter with a spherical tip; a sharp,
conical indenter with the same cone angle (140.6°); and a spherical
indenter with the same radius (R � 1 �m). The material properties are
the same as those in Fig. 6.
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spherical tip (tip radius R � 1 �m), respectively. All
material properties are the same as in previous sections.
The indentation depth is h � 0.067 �m, which is also the
same as the smaller indentation depth in previous sec-
tions. It is important to point out that the contact radius at
this indentation depth h � 0.067 �m is a � 0.36 �m,
which is slightly larger than the critical contact radius
ac � 0.34R (R � 1 �m) such that the indentation has
finished the spherical part and just reaches the conical
part. It is interesting to observe from Figs. 7(c) and 7(b)
that the SSD densities at h � 0.067 �m are very close for
conical indenters with spherical tip and sharp tip. This
means that, soon after the conical part of the indenter is
reached, the tip radius has little effect on the SSD den-
sity. On the contrary, the GND density in Fig. 8(c) for a
conical indenter with a spherical tip is much smaller than
that in Fig. 8(b) for a sharp tip. This is not surprising,
because the sharp tip leads to large strain concentration
and therefore large strain gradient and GND density.

We show the indentation hardness in the plot of (H/H0)2

versus 1/h in Fig. 11 for a conical indenter with a spheri-
cal tip, a sharp, conical indenter with the same cone angle
(140.6°), and a spherical indenter with the same radius
(R � 1 �m). The curve for the conical indenter with a
spherical tip coincides with that for the spherical indenter
at small indentation depth (large 1/h). It gradually ap-
proaches the curve for the sharp, conical indenter at large
indentation depth (small 1/h), and eventually approaches
H0 at very large indentation depths. The range of 1/h in
Fig. 11 is much larger than that in Fig. 6 and is clearly
in the nanoindentation range (smallest indentation
depth ∼50 nm). The sharp, conical indenter always
gives a straight line in the (H/H0)2∼1/h plot, including in

nanoindentation. This suggests that, without accounting
for the effect of indenter tip radius, CMSG cannot ex-
plain why the nanoindentation hardness obtained in ex-
periments does not follow the Nix–Gao relation (1).

D. Nanoindentation hardness

The indentation depth h is below submicrometer in
nanoindentation. For such small h, the indenter tip radius
effect must be accounted for, even for a “sharp” indenter
whose indenter tip radius is of the order 0.1 �m or less,
as such tip radius may be larger than the indentation
depth in nanoindentation.

We have used the unified model of conical indenter
with a spherical tip of radius R in Sec. III to study the
nanoindentation hardness. All material properties (in-
cluding the coefficient � in the Taylor dislocation model)
are the same as those in Sec. IV. A and Sec. IV. B. The
cone angle is 140.6°, and the radius of the spherical tip R
ranges from 0 to 1 �m, where R � 0 corresponds to an
idealized model of atomistically sharp tip in the Nix–Gao
model.13 Figure 12 shows (H/H0)2 versus 1/h for tip ra-
dius R � 0, 0.1, 0.2, and 1 �m. Here 1/h ranges up to
30, corresponding to the indentation depth around
30 nm. The microindentation hardness data of Mc-
Elhaney et al.8 for annealed polycrystalline copper are
also shown in Fig. 12 for comparison. The curves for tip
radius R � 0.2 �m agree well with the experimental data
because the indenter tip radius effect is negligible in
microindentation (for a “sharp” indenter as in the experi-
ments of McElhaney et al.8 experiments). However, once
the indentation depth is less than about 0.13 �m, the
curves start to separate and deviate from the straight line

FIG. 11. The plot of (H/H0)2 versus 1/h for a conical indenter with a
spherical tip, a sharp conical indenter with the same cone angle
(140.6°), and a spherical indenter with the same tip radius (R � 1 �m).
The material properties are the same as those in Fig. 6.

FIG. 12. The plot of (H/H0)2 versus 1/h for a conical indenter with a
spherical tip, and tip radius R � 0, 0.1, 0.2, and 1 �m. The material
properties are the same as those in Fig. 6. The experimental data of
McElhaney et al.8 are also shown.
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for R � 0 (the Nix–Gao relation). For example, at the
small indentation depth around 30 nm, the values of
(H/H0)2 for R � 0.1 �m and 0.2 �m are only 73.0% and
64.7% of that for R � 0, respectively, and are signifi-
cantly smaller than the Nix–Gao relation (1) (the straight
line in Fig. 10). This shows that, due to the indenter tip
radius effect, the nanoindentation hardness may deviate
from the Nix–Gao relation (1). In other words, the in-
denter tip radius may be partially responsible for the
deviation of nanoindentation hardness from the Nix–Gao
relation (1). The indenter tip radius effect becomes more
drastic for tip radius R � 1 �m, whose curve is much
lower and even decreases with the indentation depth (in-
creasing 1/h).

It is noted that the deviation of nanoindentation hard-
ness from the Nix–Gao relation (1) predicted by CMSG
for polycrystalline copper in Fig. 12 is less than the
experimental deviation for other materials reported in
Fig. 2. This suggests that this deviation may depend
strongly on materials and the tip radius of the indenter
used in experiments. There may also be other mecha-
nisms that contribute to the deviation.16

V. CONCLUSIONS

We have developed a unified computational model for
both micro- and nanoindentation to study the Nix–Gao
relation (1) between indentation hardness and indentation
depth. The unified computational model for indentation
accounts for various indenter shapes, including a sharp,
conical indenter, a spherical indenter, and a conical in-
denter with a spherical tip. It is based on the conventional
theory of mechanism-based strain gradient plasticity2 es-
tablished from the Taylor dislocation model11,12 to ac-
count for the effect of geometrically necessary disloca-
tions. The unified computational model for indentation
shows that the Nix–Gao relation holds in microindenta-
tion with sharp indenter, but it does not hold in nanoin-
dentation due to the indenter tip radius effect.
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