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We have developed an analytical method to determine the coefficient of thermal expansion
(CTE) for single wall carbon nanotubes (CNTs). We have found that all CTEs are negative
at low and room temperature and become positive at high temperature. As the CNT
diameter decreases, the range of negative CTE shrinks. The CTE in radial direction of the
K.C Hwang CNT is less than that in the axial direction for armchair CNTs, but the opposite holds for

r zigzag CNTs. The radial CTE is independent of the CNT helicity, while the axial CTE
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1 Introduction graphite, which can be considered as the CNT with infinitely large
Due to their superior material properties, carbon nanotubdiameter’ also has a strong temperature dependence, being nega-
(CNT9 [1] have many potential applications, such as Nnanosc Ve at low and room temperature a_md positive at hlgh temperature

g ; 4). Therefore, the CTE of CNTs is anticipated to display strong
sensors, nanocomposites, and nanoelectrdgigs,[2—6]). Some temperature dependence.

examples of nanoelectronics include the next-generation comput-l-hiS paper aims at a systematic study of the CTEs of CNTS,
ers(e.g.,[7]) ?‘”d ngnotube tranS|st9[S—15].. These CNT-based including their temperature dependence and the effect of CNT
nanoelectronic devices may experience high temperature durag%rality. Instead of using MD, which is computationally intensive
ma_nufacture ar_ld operation. This leads to the_rmal expansion can simulate only up to nanosecond (16), we develop an
residual stress in devices, and affects the device rellablll_ty. The%’alytic method to determine the CTE of CNTs directly from the
fore, the coefficient of thermal expansi¢BTE) Qf CNT.S IS an interatomic potential 33] and the local harmonic modé€k.g.,
Important property for (?NT—based nanoelegtronlcs. ,Th's is simil 5]). This analytic method provides a simple and straightforward
to Si, which is the dominant micro-electronic material today. Thgay 15 investigate the temperature and helicity dependence of the
CTE of Si has been thoroughly investigated in the last few de—1g of CNTs. Our results show that, similar to graphite, the CTE
cades(e.g., [16-25). The CTE of Si displays an unusual andyt cNTs is negative at low and room temperature, but becomes
intriguing temperature dependence, namely being negat®e ositive at high temperature. The range of negative CTE shrinks
thermal.contra.ctlohat low temperature, and positiee., thermal 35 the CNT diameter decreases. For armchair CNTs, we have
expansiohat high temperaturée.g.,[21,23). o confirmed Raravikar et al.531] MD simulation results that the
The studies on the CTE of CNTs, however, are very limited dygdial CTE is less than the axial one. However, for zigzag CNTs
to the challenge in nanoscale experiments and modeling. Theygich were not studied by Raravikar et f81], we have found
are very few experimental studies on the CTEs of multiwall CNTgat the opposite holds, i.e., the radial CTE is larger than the axial
[26,27 and CNT bundleg28,29. Using the X-ray diffraction, one for zigzag CNTs. Furthermore, the radial CTE is found to be
Bandow([26] found that the CTE in the radial direction of multi-independent of the CNT helicity, but the axial CTE displays a
wall CNTs is almost the same as tleeaxis CTE of graphite. strong dependence on the helicity.
Yosida[28] and Maniwa et al[29] also used the X-ray diffraction  The paper is outlined in the following. The atomic structure of
to study the CTEs of single wall CNTs bundles and their resultae single wall CNT is shown in section 2. A set of finitg)
suggest that the CNT bundles have negative Qffiérmal con- variables are introduced to quantitatively characterize this atomic
traction at low temperature and positive CTtermal expansion structure. The CNT diameter, and the bond lengths and angles in
at high temperature, similar to that of Si. Even though the CTE ¢ifie tubular structure of the CNT are all given in terms of these five
single wall CNTs is important both to nanoelectronics and to theriables. To account for the temperature effect, the Helmholtz
fundamental understanding of thermal properties of CNT bundlége energy together with the local harmonic model are introduced
and CNT-polyethylene composité80], there exists no experi- in section 3 to determine these five variables at finite temperature.
mental study on the CTE of single wall CNTSs. The equilibrium bond lengths and the coefficients of thermal ex-
To the best of our knowledge, there exists only one moleculpansion of the CNT are then obtained at each temperature. The
dynamics (MD) study on the CTE of single wall CNTE31]. coefficients of thermal expansion in the radial and axial directions
Based on the interatomic potential for cartj@®,33, Raravikar of the CNT are given for armchair and zigzag single wall CNTs,
et al. [31] investigated the CTE 0of5,5 and (10,10 armchair and their dependence on temperature and CNT helicity are
CNTs. The CTE in the radial direction of the CNT was found t@liscussed.
be less than that in the axial direction. However, they reported
only a single value for the CTE in the radial directiémlso a 2 Single Wall Carbon Nanotubes
single value for the axial CTEand did not report any tempera- . .
ture dependence. This is contrary to the experiments of YosiEaz'1 Geometrical Representation of the CNT Structure.
[28] and Maniwa et al[29] which showed strong temperature igure 1a) shows a schematic diagram of a CNT with the diam-

dependence of CTEs for CNT bundles. Furthermore, the CTE ?t,erdt. Unlike a planar graphene sheet, a carbon atom and its
three nearest-neighbor atoms on the CNT are not on a plane but
form a tetrahedron because of the curvature effect. Depending on
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d; and helicity which is represented by the anglbetweenBC
and the chiral vecto€C,, in Fig. 1(c), whereC,, denotes the cir-
cumferential direction of the CNT in the planar sheet. It is pointed
out thatd, and @ will be related to the charality of the CNT in the
next paragraph. In the cylindrical coordinateR,©®,Z) of the
CNT, the radial coordinates of all atoms @Rg=Rg=R:=Rp
=d,/2. Without losing generality, we may take the polar angle and
axial coordinate of atonB as zero,®@g=Zg=0. The axial coor-
dinates of atom#, C, andD equal to the projections of vectors

BA, BC, andBD normal to theC,, direction (Fig. 1(c)), i.e.,
Zp=a,Sin(@,+0), Zc=agsing, Zp=agsin(g;+6)
)
Similarly, the polar angles of aton#s C, andD are related to the
(a) (b) projections along th€, direction (Fig. 1(c)), and are given by

2a,cog o+ 6) 2a, cosé
pAms———————— O=——
d, di

2a;cog ¢t 0)
Op=——g—— ®

The CNT diameted, and angled (Fig. 1) are related to the
chirality (n,m) of the CNT. Following the standard notation for
CNTs (e.g.,[36]), the chiral vectorC,,, whose length equals the
circumference of the CNT, can always be expressed in terms of
the base vectora; anda, as(Fig. 1(c))

Cyr=na; + ma, 4)

Ch wheren and m are integersn=|m|=0, and the pair 1f,m) is
called the chirality of the CNT; {,0) and f,n) are called the
zigzag and armchair CNTs, respectively, while the general case

Fig. 1 A carbon nanotube (CNT): (&) the tubular structure of n>|m|>0 is called the chiral CNT. Using the fael-a,=a3,

CNT; (b) a planar, “unrolled” CNT; and  (c) a representative atom a,-a,=a2 and 2. -a,=a’+a2—a2 we find the circumference
(A) and its three nearest-neighbor atoms (B, C, and D) o% th2e CISI’T as 1Tt G

graphene sheet, we map the CNT shown in Fig) 1o a two- |Chl=Cy- Cy= Vnai+m?a;+nm(ai+a;—a;)  (5)
dimensional, planar sheet of carbon atoms shown in Fig). 1 gnd the CNT diameter

This mapping can be visualized by a cut of the CNT along its

axial direction followed by the “unrolling” of the CNT to a plane _ |Cl

without stretching. The distance between each pair of carbon at- dt—T (6)
oms in the “unrolled” plane(Fig. 1(b)) is identical to the corre- . . ) -
sponding arc length on the CN{Fig. 1(a). It is important to The angled is similarly obtained in terms of the chirality(m) as

point out that Fig. tb) is different from a graphene sheet since the

m

bond lengths may not equal and the bond angles deviate from 120 C.a na§+ E(a§+ ag—ag)

deg. . _ 9=cos 1L —cos ! (7)
Figure Xc) shows a representative atofin the “unrolled” |Chla, a,|Cy|

plane along with its three nearest-neighbor atd®n<C, andD.
These four atom#, B, C, andD characterize the positions of all
atoms on the planar sheet in FigblLsince all atoms essentially
result from the in-plane translation of these four atoms due
periodicity in the atomic structure of the CNT. Therefore, the 2.2 Energy in the CNT. Since the positions of all atoms on
lengths and angles between these four atoms completely chathe- CNT are determined in terms af, a,, ...,as, the bond
terize the planar structure in Fig(k). Let a; anda, denote the lengths and angles can also be obtained in terms of these five
vectorsBC and DC in Fig. 1(c), respectively, and, anda, be lengths. Here it is important to emphasize that the bond lengths
the corresponding lengths. The lengthBD is denoted bya;, and angles are for the bonds on the tubular structure of the CNT
and the lengths oAB andAC are denoted by, andas, respec- shown in Fig. 1a) (instead of the “unrolled” planar sheet in Fig.
tively (Fig. 1(c)). Other lengths and angles in the “unrolled” planel(b)). For example, the bond length between two atotnand

are completely determined by these five lengtls(i Y (X,Y=A,B,C,D) with coordinates ¢/20x,Zx) and
=1,2,...,5). Forexample, two anglesp;=/CBD and ¢, (d/20y,Zy) is given by

=/ CBA (Fig. 1(c)), which will be used later to characterize the

Therefore,d, and 8 in Egs. (6) and (7), as well as the spatial
coordinates of atom#, B, C, andD in Egs.(2) and (3), are all
gci)ven in terms of these five lengtlas (i=1,2, ... .5).

: S p » d?
mapping between the CNT in Fig(d) and the “unrolled” plane 0)_ \/_t 1— @O0+ (Zo—Z)2 3
in Fig. 1(b), are given in terms of these five lengtlss (i Fxy 5 [17C080y= 0]+ (Zy=2x) ®)
=12,...5 by which depends on these five lengtgi=1,2, . . . ,5) for agiven
a§+a§fa§ a§+ aﬁfaé chirality (n,m) of the CNT.
¢1=CO0S 1?’ @,=C0S 1T (1) Once all bond lengths and angles are kndimnterms of these
193 194 five lengthsa; (i=1,2,...,5)), theenergy stored in a bond can

In order to characterize the actual atomic structure of the CNde obtained from the interatomic potential for car)d8] given in
shown in Fig. 1a), it is necessary to prescribe the CNT diametethe appendix. For example, the enekgg stored in the bondB
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Table 1 Bond lengths and angles in tubular configuration

Chirality  Diameter A Bond lengths(nm) Bond anglegdegre¢
(n,m) d,(nm) degree r,g 'ac I'aD /BAC «BAD «CAD
Graphite n+m—w oo 0.14507 0.14507 0.14507 120 120 120
Zigzag (30,0 2.4021 0 0.14511 0.14511 0.14508 119.80 119.96 119.96
Nanotubes (20,0 1.6036 0 0.14516 0.14516 0.14510 119.55 119.92 119.92
10,0 0.80771 0 0.14544 0.14544 0.14518 118.20 119.69 119.69
(7,0 0.57104 0 0.14586 0.14586 0.14528 116.28 119.40 119.40
(5,0 0.41522 0 0.14669 0.14669 0.14542 11259 118.99  118.99

Armchair (18,18 2.4950 29.991 0.14509 0.14511 0.14509 119.87 120.02  119.87
Nanotubes (12,12 1.6646 29.979 0.14511 0.14517 0.14511 119.70 120.04 119.70
(6,6) 0.83564 29.919 0.14525 0.14549 0.14525 118.80 120.17 118.80
(5,9 0.69797 29.887 0.14533 0.14568 0.14533 118.27 120.26  118.27
(4,9 0.56071 29.833 0.14548 0.14604 0.14548 117.31 120.45 117.31
Chiral (25,9 2.4425 14786 0.14510 0.14511 0.14508 119.82 120.00 119.91
Nanotubes (16,9 1.5786 15.262 0.14514 0.14518 0.14510 119.57 120.01  119.79
9,3 0.87112 13.794 0.14532 0.14544 0.14518 118.56 120.02  119.36
(6,2 0.58567 13.673 0.14564 0.14592 0.14531 116.72 120.07 118.61
(4,2 0.43355 18.702 0.14603 0.14675 0.14555 114.19 12059 116.92

(Fig. 1) depends on the bond lengthg and the angles between

3
AB and neighbor bonds, i.e/yg=V(r s, £ ABX), whereX rep- S=—kg2, >, In[2 sin)‘( hoi. ”
resents the neighbor atomsAfndB. The energy associated with i=1 k=1 4mkeT
the representative ator is 1/2(Vag+VactVap), Which also 3 A
depends on these five lengtas(i=1,2, . . .,5), vhere the factor — _Nk 2 Inl 2 sinr( ho', ) (11)
1/2 results from the equal split of the bond energy between the B~ 4mkgT

pair of atoms in each bond. The total potential energy in the CNT
iS Vigr=N/2(Vag+Vac+Vap), WhereN is the total number of whereN is the total number of atomgg is the Boltzmann con-
atoms on the CNT. stant 1.3& 10 2J-K™1, h is the Planck’s constant 6.63

These five lengths, (i=1,2, ...,5) aredetermined by mini- X 10 3*J-s, T is the temperature, and;, (x=1,2,3) are the vi-
mizing the potential energy in the CNT in order to ensure thieration frequencies of atomand are determined from thex3
equilibrium, i.e., local dynamic matrix Ih; 0%V, /x;9x; of atomi by

d o 2| _ 1 ‘92Vtot_0 1
3—ai[VAB+VAc+VAD]—0, i=12,...,5 ©)] L (12)
These are five nonlinear equations &(i=1,2, . .. ,5), andave Herel is the 3<3 identity matrix, andm; andx;=(x; ,y; ,z) are

to be solved numerically. Table 1 gives the numerical results §f€ mass and Cartesian coordinates of atarespectively. For the
bond lengths, angles, CNT diameter, and orientatiomgle 6) for CNT subject to temperature change,, for the atomi are the
several zigzad (n,0)], armchair[(n,n)], and chiral[(n,m),n same as those for the representation atorie., ;.= ' , where
>|m|>0] CNTs. The bond lengths and angles agree well with

Sanchez—Portal et al.[87] ab initio atomistic studies fof4,4), ()21 — 1 Vot o (13)
(5,95, (6,6), (8,9, and (10,10 armchair CNTs based on the @ m oxPaxA
pseudopotential density functional theory. The results for a

graphene sheet are also presented in Table 1 in order to showRhem (12) or (13), the vibration frequencies;, and w’: are also
effect of CNT diameter. It is observed that, for CNT diameterfunctions of these five lengths; (i=1,2, ...,5). Therefore, the

above 0.8 nm, the bond lengths and angles are essentially Heimholtz free energyA for the CNT also depends oa; (i
same as those of graphefweithin 1 percent differengesuch that =1,2,...,5).

the CNT diameter has essentially no effect. However, for the As discussed in section 2, these five lengthéi=1,2, . ..,5)

smallest CNT diameter around 0.4 nm, the bond angle change determined by minimizing the potential energy in £y. But

is around 6 percent, which shows the significant effect of CNSuch an approach only holds at zero temperature. At a finite tem-

diameter. peratureT, atoms do not occupy static positions because of ther-
mal vibrations. These five lengthe (i=1,2, ...,5) nowrepre-
sent the average, “equilibrium” lengths at the finite temperature,

- . . dth determined by minimizing the Helmholtz f
3 Coefficients of Thermal Expansion of Single Wall zzstea%y(?fr(teheepirtr;rl]?izl egerrg;_lz 12Ing the Heimnoltz free energy
Carbon Nanotubes

. ] ) dA[a(i=1,2,....,5,T]
3.1 Effect of Finite Temperature. The method described in Ja
section 2 to determine the bond lengths is only applicable at zero '

temperature. At a finite temperature, the total potential enéfgy This gives these five lengths as a function of temperature, i.e.,
should be replaced by the Helmholtz free energy given by ai=a;(T)(i=12,...,5).

=0, i=12,...5 (14)

A=V~ TS (10) 3.2 Coefficients of Thermal Expansion. It is important to

note that the temperature dependence of bond length at finite tem-
where T is temperatureS is the entropy,V,,=N/2(Vag+Vac perature results from the anharmonicity in the interatomic poten-

+V,p) is the total potential energy and it depends on these fitial. For a strictly harmonic potential, the vibration frequencies
lengthsa; (i=1,2,...,5).Based on the local harmonic modelw;, are independent of atom positions such that the average,
(e.g.,[35,38), the entropy is given by “equilibrium” bond lengths remain unchanged with the tempera-
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Fig. 2 The temperature dependence of the radial and axial co-
efficients of thermal expansion for ~ (5,5) and (9,0) carbon nano-
tubes together with that for a flat graphene sheet

Fig. 3 The temperature dependence of the coefficient of ther-
mal expansion in the radial direction for (5,5), (6,4), and (7,3)
carbon nanotubes

ture increase, and therefore the CTEs vanish. This can be @4ive for the axial CTE such that g7 @y IN fact, we have
plained by the absolute isotropy in the tension/compression Of|.jated the CTEs for other CNTs and found thad< gl

atomic bonds characterized by the harmonic potential such thgf, 411 armchair CNTs AN, g™ i fOr all zigzag CNTS.
even though the atoms vibrate, the center of vibration does Rflese CTEs are all negative at low and room temperature but
change with temperature. This is, however, not true for anhajacome positive at high temperature.
monic potential such as Brenner’s interatomic potential for carbonwe have choser(5,5 and (9,00 CNTs in Fig. 2 because they
[33] which displays tension/compression anisotropy suchdhat have very close CNT diameters such that we can examine the
are not constants anymore, and the center of atom vibratiefiect of CNT helicity. It is observed that the axial CTEs curves
changes with the temperature, leading to nonvanishing CTEs e widely apart, but the radial CTEs curves are very close over
CNTs. the entire temperature range. The slight separation between two
The CNT diameter is related to these five lengths via E8)s. radial CTE curves may be due to the small difference in the di-
and (6), and, therefore, also depends on the temperalyré; ameters. We have also studied CNTs with almost identical diam-
=di(T). The CTE in the radial direction is given by eters, such a,5), (6,4), and(7,3) CNTs. Their radial CTEs are
1 d[d(T)] sho_wn in Fig. 3 gnq the curves are identical. This_ suggests that the
P — e (15) radial CTEa,qiais independent of the CNT helicity, and depends
d(T) dT only on the temperature and CNT diameter.
The CTE in the axial direction can be similarly calculated from_It is also observed from Figs. 2 and 3 that the CTE curves for
the variation of the translational vector which is the period in thé, and (9,0 CNTs are above that for the graphene sheet. The
axial direction(e.g.,[36]). For example, the axial CTE fon(n) ~ranges of negative CTE for CNTs become smaller due to the
armchair CNTs is determined from the changeBd® (Fig. 1(c) effect of finite CNT diameter. Figure 4 further shows the

and is given by diameter-dependence of CTEs for armchair and zigzag CNTs at
temperatureT =400 K. The armchair CNTs range frof®,5) to
1 dlay(T)] (11,19, while zigzag CNTs range frort9,0) to (20,0. The value

PFaxial~ ax(T) dT of CTE of a graphene sheet is represented by the horizontal line.

As the CNT diameter increases, the CTEs decrease and gradually

For (n,0) zigzag CNTs, the axial CTE is given by approach that of the graphene sheet. At 400 K, the CTEs experi-

1 d[as(T)sing,(T)] ence a change from positive to negative as the diameter increases.
Yaxiel ™ 3 (T)sing(T) a7

where the anglep; is shown in Fig. 18) and is given in Eq(1). T=400K

We use this method to study the radial and axial CTEs of single 5
wall CNTs. Figure 2 shows the temperature dependence of radial °“% .
and axial CTEs for &5,5 armchair CNT and a flat graphene 03 : ;,ffﬂchagI\%NTs
sheet. The CTEs are negative at low and room temperature, but geng SR
become positive at high temperature for both the armchair CNT 021 ", axial. armchair

and the graphene sheet. This is, in fact, consistent with CTE data

=~ 014 /
for graphite[34] which also show negative CTE at low and room ¥ \ e diameter (nm)
temperature and positive CTE at high temperature. The molecular % *°Ts ,
dynamic simulations of Raravikar et 4B81] did not report any B o1 00, )
temperature dependence of CTEs of CNTs, but they found that the "o e AL11) sadial
radial CTE is less than the axial one for armchair CNTs, i.e., 024 il zigzag O "‘“my” e
Aragial< Xaxial- OUr results for thé5,5 armchair CNT confirm this 034 ' e
since the solid curve for radial CTE in Fig. 2 is below the dotted 200)
curve for axial CTE. However, for th@,0) zigzag CNT, the op- 04-

graphene sheet

posite holds. Figure 2 also shows the temperature dependence of

the radial and axial CTEs for th€9,0) zigzag CNT. The solid Fig. 4 The diameter-dependence of the coefficients of thermal
curve for the radial CTE of th€9,00 CNT is above the dotted expansion for armchair and zigzag carbon nanotubes at 400 K
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Figure 4 also confirms thaty,,qia< ®ayia fOr armchair, ¢ ,gia - 1
> aiar fOr zigzag CNTs, andy,.qiy depends only on the CNT Bij=§(Bi,—+Bji)
diameter. (A.4)

iy
1+ > G(eijk)fc(rik)}

Bij:
k(#i,j)

4 Concluding Remarks . . .
. . wherek denotes the carbon atoms other thaandj, r; is the
In conclusion, we have presented an analytic method to detgfsance between carbon atoirendk, the exponent is given at
mine the coefficient of thermal expansiéBTE) for single wall he end of this sectiorf,. is the aforementioned cut-off function in

carbon nanotubes based on the interatomic potential and the Iqt;@!g) and 6;;, defines the angle between carbon boidsand
harmonic model. The CTE in the radial direction of the CNT i$_ The funotionG is given by

less than that in the axial direction for armchair carbon nanotubes,

but the opposite holds for zigzag carbon nanotubes. Furthermore, cé cé
the CTE in the radial direction of the CNT is independent of the G(O)=ag| 1+ —— - (A.5)
carbon nanotube helicity, while the axial CTE depends strongly on do dg+(1+cosh)

the helicity. The CTEs of carbon nanotubes are negative at |
and room temperature but positive at high temperature. As t|
nanotube diameter decreases, the range of negative CTE shrin

Vhere parametef&,, o, anddg, are determined by fitting to the
Hown physical properties of various types of carbon.
%renner[SS] used the lattice constants and binding energies of
graphite, diamond, simple cubic, and face-centered-cubic carbon,
as well as vacancy formation energies of graphite and diamond to
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