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Abstract

A finite deformation theory of mechanism-based strain gradient (MSG) plasticity is devel-
oped in this paper based on the Taylor dislocation model. The theory ensures the proper

decomposition of deformation in order to exclude the volumetric deformation from the strain
gradient tensor since the latter represents the density of geometrically necessary dislocations.
The solution for a thin cylinder under large torsion is obtained. The numerical method is used

to investigate the finite deformation crack tip field in MSG plasticity. It is established that the
stress level around a crack tip in MSG plasticity is significantly higher than its counterpart
(i.e. HRR field) in classical plasticity. # 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The size dependence observed in recent experiments at the micron and submicron
scales (e.g. Fleck et al., 1994; Lloyd, 1994; McElhaney et al., 1998; Stolken and
Evans, 1988) and in direct dislocation simulations (Cleveringa et al., 1997, 1998,
1999a,b; 2000; Shizawa and Zbib, 1999; Needleman, 2000; Zbib and de la Rubia,
2001) have motivated the development of strain gradient plasticity theories based on
the concept of geometrically necessary dislocation (Nye, 1953; Cottrell, 1964;
Ashby, 1970; Arsenlis and Parks, 1999; Gurtin, 2000). The strain gradient serves
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either as an independent measure of deformation besides the strain (e.g. Fleck and
Hutchinson, 1993, 1997; Shu, 1998; Gao et al., 1999; Shu and Fleck, 1999; Huang et
al., 2000a,b; Shu and Barlow, 2000; Gurtin, 2001), or as an internal variable to
increase the plastic work hardening modulus (e.g. Nilsson, 1998; Acharya and Bas-
sani, 2000; Acharya and Beaudoin, 2000; Chen and Wang, 2000; Dai and Parks,
2001; Meissonnier et al., 2001). There are also early works on strain gradient plas-
ticity that were proposed in order to avoid a spurious solution for the localized zone
and an excessive mesh dependence in classical plasticity (e.g. Aifantis, 1984, 1992;
Lasry and Belytschko, 1988; Zbib and Aifantis, 1988; Muhlhaus and Aifantis, 1991;
de Borst and Muhlhaus, 1991, 1992; Sluys et al., 1993).
Since the aforementioned micron and submicron scale experiments involve large

deformation, Hwang et al. (2001) generalized Fleck and Hutchinson’s (1997) and
Gao et al.’s (1999) strain gradient plasticity theories from infinitesimal to finite
deformation. The equilibrium equations and boundary conditions are established in
the current configuration, while the constitutive relations are obtained by nominal
generalization from the corresponding infinitesimal deformation theories. The infi-
nitesimal strain "ij and its gradient "ij,k are replaced by the Green–Lagrange strain
EIJ and the corresponding gradient in the reference configuration, EIJ,K, respec-
tively. Such a nominal generalization, however, does not always ensure the appro-
priate decomposition of deformation into the volumetric and deviatoric parts. For
example, "kk is the volumetric strain in infinitesimal deformation, but its nominal
generalization EKK does not represent the volumetric strain in finite deformation.
Instead, only the determinant J=det(F) of the deformation gradient F= @x

@X repre-
sents the volume change in finite deformation, where x and X denote the coordinates
of a material point in the current and reference configurations, respectively.
The purpose of this paper is to develop a finite deformation strain gradient plas-

ticity theory that ensures the proper decomposition of volumetric and deviatoric
deformation. It is a generalization of a classical finite deformation plasticity theory
in Section 2 that excludes the volumetric deformation. We focus on the finite
deformation theory of mechanism-based strain gradient plasticity (Gao et al., 1999;
Huang et al., 2000a,b), though the approach can also be applied to Fleck and
Hutchinson’s (1997) strain gradient plasticity theory. We then present the analytical
solution for a thin cylinder under torsion, and numerical study of the crack tip field.

2. A finite deformation theory of classical plasticity

We first present a finite deformation theory of classical plasticity that excludes the
volumetric deformation. Let X and x denote the coordinates of a material point in
the reference (undeformed) and current (deformed) configurations, respectively. The
deformation gradient F= @x

@X can be expressed in terms of the principal stretches l1,
l2 and l3 as

F ¼ l1n1N1 þ l2n2NII þ l3n3NIII; ð1Þ
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where n1; n2; n3 and NI;NII;NIII are the principal stretch directions in the current
and reference configurations, respectively. The volumetric deformation is character-
ized by the determinant of F;

J ¼ det Fð Þ ¼ l1l2l3: ð2Þ

The right and left Cauchy–Green strain tensors C and B and the Green strain
tensor E are defined by

C ¼ FT �F; B ¼ F�FT; E ¼
1

2
C � 1ð Þ; ð3Þ

where 1 is the second-order identity tensor.
In order to exclude the volumetric deformation from F, we define a modified

deformation gradient

F� ¼ J�
1
3F; ð4Þ

which has no volumetric deformation since F�
� �

=1. The isochoric right and left
Cauchy-Green strain tensors, C� and B� , and the isochoric Green strain tensor E� ,
which all exclude the volumetric deformation, can be defined similar to (3) via F� by

C� ¼ F�T �F� ; B� ¼ F� �F�T; E� ¼
1

2
C� � 1
� �

: ð5Þ

It can be shown that E� degenerates to deviatoric strain tensor for infinitesimal
deformation. The invariants of C� and B� are

I�1 ¼ I C�
� �

¼ I B�
� �

¼ l1l2l3ð Þ
�2
3 l21 þ l22 þ l23
� �

; ð6Þ

I�2 ¼ II C�
� �

¼ II B�
� �

¼ l1l2l3ð Þ
2
3 l�21 þ l�22 þ l�23
� �

; ð7Þ

and III C�
� �

¼ III B�
� �

=1. The effective strain is defined by

"2 ¼
2

3
E� : E� ¼

1

6
I�21 � 2I�1 � 2I�2

� �
þ
1

2
; ð8Þ

which degenerates to the von Mises effective strain for infinitesimal deformation.
For a deformation theory of plasticity, the strain energy density function U (per

unit volume in the reference configuration) of an isotropic solid generally takes the
form

U ¼ U J; I�1; I�2

� �
¼ UV Jð Þ þUD "ð Þ ð9Þ
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where UV and UD are the strain energy densities for the volumetric and deviatoric
deformation, respectively. The second Piola–Kirchhoff stress T is the work con-
jugate of the Green strain E, and is obtained from (9) as

T ¼
@U

@E
¼ J

dUV

dJ
C
�1

þ
2�

3"
J�

2
3E� � "2 þ

E�KK
3

 !
C
�1

" #
; ð10Þ

where C
�1

is the reciprocal of the right Cauchy–Green strain tensor C in (3), E�KK is
the first invariant of E� , and � = dUD

d" . The simplest form for UV and UD is

UV ¼
K

2
J� 1ð Þ

2; UD ¼
�ref

Nþ 1
"Nþ1; ð11Þ

which gives �= dUD

d" =�ref"
N, where K is the elastic bulk modulus, N(<1) is the work

hardening exponent, and �ref is a reference stress in uniaxial tension. For infinitesi-
mal deformation, (10) and (11) degenerate to the J2-deformation plasticity theory,
�=K"kk1+

2�
3" "

0, where "0 is the deviatoric strain.

3. The Taylor dislocation model

The Taylor (1938) model gives the shear flow stress � in terms of the dislocation
density �,

� ¼ 	
b
ffiffiffi
�

p
¼ 	
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�S þ �G

p
; ð12Þ

where 	 is an empirical material constant between 0.1 and 0.5, 
 is the shear mod-
ulus, b is the Burgers vector, and �S and �G are the densities of statistically stored
and geometrically necessary dislocations, respectively. The density �G of geome-
trically necessary dislocations is proportional to the effective strain gradient � (e.g.
Ashby, 1970; Nix and Gao, 1998; Huang et al., 2000b), while the density �S of sta-
tistically stored dislocations is related to the uniaxial stress-strain relation, which
generally takes a power-law form � =�ref"

N (Nix and Gao, 1998; Gao et al., 1999),
where �ref is a reference stress and N (<1) is the plastic work hardening exponent.
The tensile flow stress � is obtained from (12) as (Nix and Gao, 1998; Gao et al.,
1999; Huang et al., 2000b)

� ¼ �ref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"2N þ l�

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ref"Nð Þ

2
þ18	2
2b�;

q
ð13Þ

where " is the von Mises effective strain for infinitesimal deformation and is gen-
eralized to the effective strain in (8) for finite deformation; l is the intrinsic material
length in strain gradient plasticity given by
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l ¼ 18	2



�ref

� 2

b; ð14Þ

which is indeed on the order of microns for typical metallic materials; via three dis-
location models the effective strain gradient � has been determined in terms of
deviatoric strain gradient (Gao et al., 1999), and it is generalized for finite defor-
mation by

� ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��IJK��IJK�

p
ð15Þ

Here ��IJK is the strain gradient tensor excluding the volumetric deformation and is
given in terms of the isochoric Green strain E� in (5) by

��IJK ¼ E� IK;J þ E� JK;I � E� IJ;K: ð16Þ

4. A finite deformation theory of mechanism-based strain gradient plasticity

Gao et al. (1999) adopted a multiscale, hierarchical framework to develop a
mesoscale theory of mechanism-based strain gradient from the Taylor dislocation
model on the microscale. The same framework, as shown in Fig. 1, is adopted in the
present study in order to establish the corresponding finite deformation theory.
Stress and strain are defined in the classical sense on the microscale, and are

denoted by T~ (second Piola–Kirchhoff stress) and E~ (Green strain), respectively,
where tilde f. . .. . .½ 
 denotes the microscale measure. Concepts associated with strain

Fig 1. A schematic diagram of the multiscale framework to connect the mesoscale theory of strain gra-

dient plasticity to the Taylor dislocation model on the microscale.
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gradient plasticity are introduced on the mesoscale, such as the strain gradient ten-
sor � and higher-order stress �, where � is defined in terms of the mesoscale Green
strain E by

�IJK ¼ EIK;J þ EJK;I � EIJ;K; ð17Þ

and � is the work conjugate of �. The microscale strain within the mesoscale cell
(Fig. 1) is related to the mesoscale strain measures by the Taylor expansion,

E~ IJ ¼ EIJ þ EIJ;KX~ K þ 0 X~
��� ���2� 

¼ EIJ þ
1

2
�KIJ þ �KJIð ÞX~ K þ 0 X~

��� ���2� 
; ð18Þ

where X~ K is the local coordinate origined at the center of the mesoscale cell.

4.1. Microscale analysis

The stress T~ and strain E~ on the microscale satisfy the constitutive relation (10)
except the stress �~ , which is governed by the Taylor dislocation model in (13),

�~ ¼ �ref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"~2N þ l�;

p
ð19Þ

where the microscale effective strain "~ is related to the microscale Green strain E~ in
the same way as in (8), and � is the mesoscale effective strain gradient given in (15).
The microscale constitutive relation now becomes

T~ ¼ J~
dUV J~

� �
dJ~

C~
�1

þ
2�~

3"~
J~�

2
3E
~
� "~2 þ

E�
~
KK

3

0@ 1AC~�1
24 35 ð20Þ

where the microscale variables can be expressed in terms of the mesoscale ones via
Taylor expansion up to the first order, such as

J~ ¼ Jþ
dJ

dXK
X~ K ¼ Jþ JCMN

�1

�KMNX~ K; ð21Þ

C~
�1

IJ ¼ C
�1

IJ � C
�1

IMC
�1

JN �KMN þ �KNMð ÞX~ K; ð22Þ

E�
~
IJ þ E� IJ þ

1

2
��KIJ þ ��KJIð ÞX~ K: ð23Þ

4.2. Mesoscale analysis

The mesoscale constitutive relations are derived from the work equality between
the micro- and mesoscales,
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ð
Vcell

T~ IJ�E~ IJdV ¼ TIJ�EIJ þ �IJK��IJKð ÞVcell; ð24Þ

where the integration is over the mesoscale cell Vcell in the reference configuration
(Fig. 1), and � stands for the virtual variation. Using the kinematics relation (18)
between the strain measures on theses two scales, we obtain the mesoscale stress TIJ

and higher-order stress �IJK in terms of microscale stress T~ IJ,

TIJ ¼
1

Vcell

ð
Vcell

T~ IJdV; ð25Þ

�IJK ¼
1

2Vcell

ð
Vcell

T~KIX~ J þ T~KJX~ I

� �
dV ð26Þ

Substituting the microscale constitutive relation (20) into (25) and (26), we obtain
the following finite deformation mesoscale constitutive relations for MSG plasticity,

TIJ ¼ KJ J� 1ð ÞC
�1

IJ þ
2�

3"
J�

2
3E� IJ � "2 þ

E�KK
3

 !
C
�1

IJ

" #
; ð27Þ

�IJK þ l2"
K

6
VIJK þ

�

"
�IJK þ

�2ref

�
f "ð Þf 0 "ð Þ �

�

"

� �
�IJK

� �
; ð28Þ

where � is given in (13), l" =10 

�Y
b and is less than 100 nm for typical metallic

materials (Gao et al., 1999; Huang et al., 2000a,b), �Y is the initial yield stress,

VIJK ¼
1

4
J

�
2J� 1ð ÞC

�1

MN C
�1

JK�IMN þ C
�1

IK�JMN

� 
� J� 1ð Þ C

�1

JMC
�1

KN �IMN þ �INMð Þ þ C
�1

IMC
�1

KN �JMN þ �JNMð Þ

� ��
;

ð29Þ

�IJK ¼
1

72

�
�
4

3
J�

4
3C
�1

MN �IMNCJK þ �IMNCIKð Þ þ J�
4
3 2�IJK þ �IKJ þ �JKIð Þ

þ
2

3
J�

2
3C
�1

MN �IMN�JK þ �IMN�IKð Þ � J�
8
3E�MN ��IMNC

�1

JK þ ��JMNC
�1

IK

� 
�
2

3
��IPPC

�1

JK �
2

3
��JPPC

�1

IK þ 2 "2 þ
E�PP
3

 !
C
�1

JMC
�1

KN �IMN þ �INMð Þ

þ 2 "2 þ
E�PP
3

 !
C
�1

IMC
�1

KN �JMN þ �JNMð Þ

�
;

ð30Þ
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�IJK ¼
E�MN

54"2

�
��IMN J�

2
3E� JK � "2 þ

E�PP
3

 !
C
�1

JK

" #

þ �JMN J�
2
3E� IK � "2 þ

E�PP
3

 !
C
�1

IK

" #�
:

ð31Þ

The above constitutive relations degenerate to Gao et al. (1999) and Huang et al.
(2000b) for infinitesimal deformation.
Based on the principle of virtual work, Hwang et al. (2001) derived the equili-

brium equations and traction boundary conditions in terms of the second Piola–
Kirchhoff stress and the higher-order stress. These equilibrium equations and trac-
tion boundary conditions hold for finite deformation strain gradient theories,
regardless of the constitutive law.

5. Analytical and numerical studies

5.1. Torsion of a thin cylinder

We investigate the torsion of a thin cylinder in this section. The cylinder has a
circular cross section with an initial thickness h and mean radius R0, where R0 is on
the order of microns or larger. For each material point, the cylindrical coordinates
in the reference (undeformed) and current (deformed) configurations are (R,Y,Z)
and (r,,z), respectively, and they are related by (Fig. 2)

r ¼ rðRÞ;  ¼ � þK Z; z ¼ 1þ �ð ÞZ; ð32Þ

where � is the twist (angle of rotation per unit length in the axial direction), � is the
nominal axial strain to be determined due to finite deformation effect, and the
function r(R) is also to be determined. The displacement is

u ¼ rer þ zez � ReR þ Zezð Þ; ð33Þ

where er; e; ezð Þ and eR; e�; ezð Þ are the unit vectors along the radial, circumferential
and axial directions in the current and reference configurations, respectively, and
they are related by

er ¼ cosKZeR þ sinkZe�; e ¼ �sinKZeR þ cosKZe�; ez ¼ eZ: ð34Þ

The deformation gradient F is obtained from (33) as

F ¼
dr

dR
ereR þ

r

R
eeR þ

r

R
ee� þ kreez þ 1þ �ð ÞezeZ; ð35Þ

which has the determinant
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J ¼ det Fð Þ ¼
dr

dR

r

R
1þ �ð Þ: ð36Þ

The right Cauchy–Green strain tensor C in the reference configuration is obtained
from (3)1 as

C ¼

dr

dR

� 2

0 0

0
r2

R2

kr2

R

0
kr2

R
k2r2 þ 1þ �2

� �

0BBBBBBB@

1CCCCCCCA: ð37Þ

Fig 2. The cross section of a thin tube under torsion, where (r, , z) and (R, �, Z) denote the cylindrical

coordinates in the current and reference configurations, respectively; � is the twist (angle of rotation per

unit length in the axial direction).
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The Green strain tensor E and isochoric Green strain tensor E~ can be obtained
similarly from (3)3 and (5)3.
For a thin cylinder with the thickness h much less than the mean radius R0, the

Taylor expansion of radial coordinate r in the current configuration gives

r ¼ r0 þ
dr

dR

� 
0

R� R0ð Þ þO R� R0ð Þ
2

�  
; ð38Þ

where the subscript 0 denotes the variables at the center of cylinder wall. The right
Cauchy–Green strain tensor C in (37) can also be evaluated at the center of cylinder
wall to give the non-vanishing components as

CRR ¼
dr

dR

� 2

0

; C�� ¼
r0
R0

� 2

; C�Z ¼ CZ� ¼
Kr20
R0

;

CZZ ¼ k2r20 þ 1þ Bð Þ
2:

ð39Þ

Similarly, the determinant of F in (36) becomes J= dr
dR

� �
0
r0
R0
(1+�), and the non-

vanishing components of the isochoric Green strain tensor E~ in (5)3 are

E�RR ¼
1

2
J�

2
3

dr

dR

� 2

0

�1

" #
; E� �� ¼

1

2
J�

2
3

r0
R0

� 2

�1

" #
;

E� �Z ¼ E�Z� ¼ J�
2
3
kr20
2R0

; E�ZZ ¼
1

2
J�

2
3 k2r20 þ 1þ �2

� ��  
� 1

n o
:

ð40Þ

The isochoric strain gradient tensor �� in (16) can be written as

�� ¼
1

3r0J
2

3

�; ð41Þ

where the non-vanishing components are

�RRR ¼ �
dr

dR

� 2

0

!; �R�� ¼ ��R� ¼ 2
r20
R2
0

!;

�R�Z ¼ ��RZ ¼ 2
kr20
R0

!; ���R ¼
r0
R0

4
r0
R0

þ 3!

� 
!;

�RZ� ¼ �ZR� ¼ ��ZR ¼ ��Z�R ¼
kro2
Ro

3
ro

Ro
þ 2!

� 
�RZZ ¼ �ZRZ ¼ ��ZZR ¼ � k2r20 þ 1þ �2

� ��  
! þ 3k2r20

dr

dR

� 
0

; ð42Þ

and != dr
dR

� �
0
� r0

R0
. The effective strain and effective strain gradient are then obtained

by substituting (40)–(42) into (8) and (15), respectively. For a given twist � and
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cylinder radius R0, the above strains and strain gradients involve three parameters to
be determined, namely r0,

dr
dR

� �
0
and �.

The constitutive law (27) gives the non-vanishing components of the second Piola–
Kirchhoff stress as

TRR ¼
�

3"
J�

4
3CRR � J�

2
3 � 2 "2 þ

E�KK
3

 !
C
�1

RR

" #
þ KJ J� 1ð ÞC

�1

RR;

T�� ¼
�

3"
J�

4
3C�� � J�

2
3 � 2 "2 þ

E�KK
3

 !
C
�1

��

" #
þ KJ J� 1ð ÞC

�1

��;

T�Z ¼ TZ� ¼
�

3"
J�

4
3C�Z � 2 "2 þ

E�KK
3

 !
C
�1

�Z

" #
þ KJ J� 1ð ÞC

�1

�Z;

TZZ ¼
�

3"
J�

4
3CZZ � J�

2
3 � 2 "2 þ

E�KK
3

 !
C
�1

ZZ

" #
þ KJ J� 1ð ÞC

�1

ZZ:

ð43Þ

The higher-order stress can be obtained similarly from (28). The substitution of
stress in (43) and higher-order stress into the equilibrium equations (Hwang et al.,
2001) leads to three ordinary differential equations involving a nondimensional

parameter l"
R0

� �2
, which is less 1% since R0 is larger than microns and l" is less than

100 nm. Accordingly, we neglect the terms on the order of l"
R0

� �2
as compared to

unity. This is consistent with the prior studies that suggest l" has essentially no effect
on macroscopic quantities (Huang et al., 2000a,b). In conjunction with the traction
boundary conditions, the equilibrium equations can be integrated to give three
algebraic equations

TRR ¼ 0; ð44Þ

T�� þ 2kR0T�Z ¼ 0; ð45Þ

TZZ ¼ 0; ð46Þ

which are solved numerically to determine three unknown parameters, r0,
dr
dR

� �
0
and

� for each given twist �.
The Cauchy (true) stress � can be obtained from the second Piola–Kirchhoff

stress by

� ¼
1

J
F�T�FT ¼

dr

dR

� �1

0

T�Z eez þ ezeð Þ; ð47Þ

where the deformation gradient in (35) has been used. The Cauchy stress has only
the shear component along the circumferential direction in the current configura-
tion. In fact, it can be shown from �kk=0 that three is no volumetric deformation in
the finite twist of a thin cylinder, i.e. J=1. The applied torque can be found from
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(47) as

T ¼ 2�r20hT�Z; ð48Þ

where h is the initial thickness of the cylinder and r0 is the mean cylinder radius in
the current configuration.
Fig 3 shows the normalized torque, T/(2�R2

0h�Y), versus the normalized twist,
�R0, for l/R0=1, 0.5, 0.1 and 0, where R0 and h are the initial mean cylinder radius
and thickness in the reference configuration, l is the intrinsic material length in (14),
the initial yield stress �Y is 0.2% times the Young’s modulus E, and l/R0=0 corre-
sponds to classical plasticity theory (without strain gradient effect). Other material
properties include the Possion’s ratio � =0.3, plastic work hardening exponent

N=0.2, and the reference stress �ref=�Y
E
�Y

� �N
. The empirical material constant 	 in

the Taylor dislocation model and the Burgers vector b only appear through the
intrinsic material length l in (14), and it is therefore not necessary to specify the
values of 	 and b for a given ratio l/R0. For a small twist, �R0<0.1, there is little or
no strain gradient effect since all curves are essentially the same. This is because the
strain gradient term 18	2
2b� is much less than (�ref"

N)2 in the flow stress (13) for a
small twist of the thin cylinder. As the deformation increases, the strain gradient

Fig 3. The normalized torque, T/(2�R0
2h�Y), versus the normalized twist, �R0, for several ratios of

intrinsic material length to mean radius of the cylinder, l/R0, where h and R0 are the thickness and mean

radius of the cylinder in the reference configuration, respectively; �Y is the initial yield stress, and l is the

intrinsic material length for MSG plasticity. The limit l/R0=0 corresponds to classical plasticity. Plasticity

work hardening exponent N=0.2, Young’s modulus E=500�Y, and Poisson’s ratio �=0.3.
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effect becomes significant. For example, the classical plasticity theory (l/R0=0) pre-
dicts a maximum torque that occurs approximately at �R0=0.5, but there is no
maximum torque for MSG plasticity (l/R050). The curves for cylinder radius being
one or two times the intrinsic material length l (i.e. l/R0=1,0.5) are much higher
than that predicted by classical plasticity, which is clearly due to the strain gradient
effect. Even the curve for cylinder radius being ten times l (i.e. l

R0
=0.1) shows sig-

nificant size effect.
Fig 4 shows the torque-twist relation for both infinitesimal and finite deformation

theories of classical plasticity (l/R0=0) and MSG plasticity (l/R0=1). The material
properties and the normalizations are identical to those in Fig. 3. The curves
accounting for finite deformation are significantly lower than those for infinitesimal
deformation, indicating the finite deformation effect is significant for �R0>0.1.

5.2. Mode-I fracture analysis

Jiang et al. (2001) used the infinitesimal deformation MSG plasticity theory (Gao
et al., 1999; Huang et al., 2000a,b) to investigate fracture around a stationary mode-
I crack tip field. Due to the strain gradient effect, stress level around the crack tip in
MSG plasticity is significantly higher than that in the calssical plasticity, i.e. the

Fig. 4. The normalized torque, T/(2�R0
2h�Y), versus the normalized twist, �R0, for both finite and infini-

tesimal deformation theories of MSG plasticity (l/R0=1) and classical plasticity (l/R0=0), where h and R0

are the thickness and mean radius of the cylinder in the reference configuration, respectively; �Y is the

initial yield stress, l is the intrinsic material length for MSG plasticity. Plasticity work hardening exponent

N=0.2, Young’s modulus E=500�Y, and Poisson’s ratio �=0.3.
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HRR field (Hutchinson, 1968; Rice and Rosengren, 1968). The numerical results
also showed that the stress around the crack tip in MSG plasticity is not only more
singular than the HRR field, but also more singular than the classical elastic K field
(square-root singularity). This provides a means to explain the cleavage fracture
observed in ductile materials (e.g. Elssner et al., 1994).
We use the same loading, material properties, and finite element mesh as Jiang et

al. (2001) but the finite deformation effect is accounted for. We take a circular domain
of radius 103l centered at the crack tip in our plane-strain finite element analysis,
where l is the intrinsic material length in (14). The origin of the coordinate system
coincides with the crack tip, while the traction-free crack faces coincide with the
negative x1 axis. The classical mode-I elastic K field is imposed on the outer boundary
of the domain (103l) with the elastic stress intensity KI increasing monotonically.
The stress intensity factor KI is normalized by �Yl

1/2 in the numerical analysis,
where �Y=0.2% E is the initial yield stress, E is the Young’s modulus, and l is the
intrinsic material length in (14). The stress is normalized by �Y, while the position
(coordinate) is normalized by l. Other material properties include the plastic work
hardening exponent N=0.2, Poisson’s ratio � =0.3, and the reference stress in (13).
The empirical material constant 	 in the Taylor dislocation model and the Burgers
vector b only appear through the intrinsic material length l in (14), and it is therefore
not necessary to specify the values of 	 and b for the above normalizations.
Fig 5 shows the distribution of the normalized stress ahead of the mode-I crack

tip, i.e. �/�Y, versus the normalized distance r/l to the crack tip, where � is the
Cauchy (true) stress along  =1.014� ( =�180� being the crack faces), and r is the
distance to the crack tip in the reference (undeformed) configuration. The remote
applied stress intensity factor is KI=10�Yl

1/2. The distribution of � for infinitesi-
mal deformation MSG plasticity theory (Jiang et al., 2001) and the corresponding
curves for classical plasticity (i.e. without the strain gradient effect) are also shown
for comparison. For r>10l, all curves become the same straight line with the slope
of �1/2, corresponding to the elastic KI field (since the slope represents the order of
singularity in the log–log plot). For r between 0.3l and 10l, all curves still coincide
but they deviate significantly from the straight line (of the slope �1/2). This indi-
cates that the material undergoes significant plastic deformation, though neither the
strain gradient effect nor the finite deformation effect is important in this range.
Once the distance r to the crack tip is less than 0.3l, the normal stresses � predicted
by MSG plasticity (for both finite and infinitesimal deformation) increase much
quicker than their counterparts in classical plasticity. A representative value of the
intrinsic material length is l=5 mm [Fleck et al., 1994; Stolken and Evans, 1998; Eq.
(14) with 	=0.5 and b=0.3nm]. At a distance r=0.02l=0.1 mm to the crack tip,
which is still within the intended range of applications for MSG plasticity (Gao et
al., 1999; Huang et al., 2000b), the normal stress � predicted by MSG plasticity is
approximately twice of that for classical plasticity. For infinitesimal deformation
theories, the curve for classical plasticity has the slope of �N/(N+1) and corre-
sponds to the HRR field (Hutchinson, 1968; Rice and Rosengren, 1968), while the
curve for MSG plasticity has the slope higher than 1/2 (in absolute value), indicating
the crack tip field in MSG plasticity is more singular than not only the HRR field,
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but also the classical elastic K field. The effect of finite deformation does not seem to
be significant in Fig. 5, as seen from the comparison between curves for infinitesimal
and finite deformation. This is because we have taken a relatively small applied
stress intensity factor (KI=10�Yl

1/2). In fact, the strain is only a few percent (3%)
at a distance of 0.1 mm (r=0.02l) to the crack tip. It can be established from Fig. 4
that the strain level needs to be significantly higher (>10%) in order to display the
difference between the finite and infinitesimal deformation. We have indeed imposed
a much larger applied stress intensity factor, but the finite deformation analysis has
some numerical difficulties in convergence.

6. Summary

We have developed a finite deformation theory of mechanism-based strain gra-
dient (MSG) plasticity based on the Taylor dislocation model. The theory ensures
the proper decomposition of deformation into volumetric and deviatoric parts such
that the volumetric deformation does not contribute to the deviatoric strain gra-
dient, which represents the density of geometrically necessary dislocations. We have
conducted the analytic study for a thin cylinder under large torsion, and established
that the effect of finite deformation is significant when �R0>0.1, where � is the twist

Fig. 5. The Cauchy (true) stress � normalized by the initial yield stress �Y versus the normalized dis-

tance to the crack tip, r/l, ahead of the crack tip (polar angle =1.014�), where l is the intrinsic material

length for MSG plasticity, the plastic work hardening exponent N=0.2, Poisson’s ratio �=0.3, the ratio

of yield stress to elastic modulus �Y/E=0.2%, and the remotely applied elastic stress intensity factor KI/

�Yl
1/2=10. The results are presented for both finite and infinitesimal deformation of MSG plasticity and

classical plasticity.
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and R0 is the initial mean radius of the cylinder. We have also used the finite element
method to investigate mode-I fracture in MSG plasticity, and established that the
crack tip field in MSG plasticity has a much higher stress level than its counterpart,
i.e. the HRR field in classical plasticity.
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