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Abstract

There exist two fracture mechanisms in facesheets of sandwich composites consisting of the 08 and 908 plies, namely crack growth and

crack blocking. The former is undesired since it may lead to failure of facesheets and even the core in sandwich composites. A shear-lag

model is developed in this article and it gives a simple criterion governing these two mechanisms. It is established that, for a given ratio Et=Ef

of the elastic moduli in the transverse and fiber directions, there exists a critical facesheet thickness above which crack blocking is achieved

and crack growth is prevented.

q 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Because of their high modulus/weight and strength/

weight ratios, composites have many important applications

in naval structures [1,2], as well as in automotive,

aerospace, and other defense industries. For example,

carbon/carbon laminated composites have been used as

the leading panels on the space shuttle wing, and used as the

outer shell of other re-entry vehicles. The primary function

of the carbon/carbon composites is acting as the thermal

shield. Due to the uneven distribution of temperature, the

carbon/carbon composite will be subjected to substantially

high level of internal stress. Under such high stress, if any of

the defect on the outer surface propagates through the

composite thermal shield, it will lead to disastrous

consequences as exemplified by the recent accident of the

space shuttle Columbia. To ensure the composite sheet to

have sufficient strength so that a crack cannot go through it

to reach the inner structure, thus becomes a paramount

concern in composite design.

Sandwich composites consist of the core material

sandwiched by facesheets and the facesheets are made of

laminated composites. Fig. 1a shows a schematic diagram of a

facesheet made of alternating 08 and 908 plies, though some

facesheets have other microstructures (e.g.^458plies, woven

composites). The thickness of each ply is t;while the thickness

of facesheet is b ¼ Ntotalt; where Ntotal is the total number of

plies. Let x1 denote the normal direction of the plies, and x2

and x3 represent the fiber directions (i.e. directions of

reinforcement) in the 08 and 908 plies, respectively.

The purpose of this article is to study fracture of

facesheets in sandwich composites, and to establish a simple

design criterion for facesheets against fracture. Fig. 1b

shows the schematic diagram of the facesheet that has a pre-

crack of size a along the x1 direction, where a ¼ Ncrackt; and

Ncrack is the number of broken plies prior to loading. The

pre-crack is arrested by an intact 08 ply (Fig. 1b). Since the

08 plies have fibers normal to the crack plane, they remain

intact during loading and provide resistance to crack

growth. On the contrary, fibers in the 908 plies are parallel

to the crack plane and cannot resist crack growth. Here

crack growth takes the form of microcrack nucleation across

the 908 plies upon loading.

As the load is applied to the facesheet, the first

microcrack is always nucleated on the crack plane in the

first 908 ply closest to the pre-crack (Fig. 1c) because of the

stress concentration due to the pre-crack. One important

question is that, as the applied load increases, will

microcracks be nucleated in the subsequent 908 plies as

shown schematically in Fig. 2a? Or alternatively, will the

subsequent microcrack nucleation be confined in a small

zone around the pre-crack tip, such as the idealized situation

of subsequent microcracks confined within the first 908 ply
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as shown schematically in Fig. 2b? The former will lead to

the undesired crack propagation in the 908 plies across the

facesheet. In other words, even though the 08 plies remain

intact, the pre-crack effectively propagates through the

facesheet. The latter (microcracks confined in the first 908

ply) will prevent crack propagation in the facesheet and

therefore protect the sandwich composites. These two

mechanisms shown in Figs. 2a and 2b are called crack

growth and crack blocking, respectively.

The shear-lag model was developed more than half a

century ago to study single or multiple stringer panels in

aerospace structures [3]. It has been successfully applied to

metal-ceramic laminates [4,5] and fiber-reinforced metal

matrix composites [6]. We use the shear-lag model to study

fracture of facesheets in sandwich composites. The shear-

lag model is developed in Section 2 to examine the critical

condition governing the crack growth and crack blocking

mechanisms in facesheets. The results are presented in

Section 3, and they lead to a very simple design criterion

against fracture of facesheets.

2. Shear-lag model

2.1. Elastic moduli of the 08 and 908 plies

For simplicity, we assume that the facesheet is under

plane-strain deformation, i.e. 133 ¼ 0 in each ply, though

the analysis can be easily modified for plane-stress

deformation if desired. Let Ef and Et denoted the (plane-

strain) elastic moduli in the fiber direction and in the

transverse (normal to fiber) direction, respectively. They are

the elastic moduli in the x2 direction of the 08 and 908 plies.

The shear moduli in the plane parallel and normal to fibers

are denoted by mf and mt; respectively, and they are the in-

plane ðx1 2 x2Þ shear moduli of the 08 and 908 plies.

2.2. Governing equations in the shear-lag model

Fig. 3 shows a representative element of the n th ply in

the shear-lag model, where n ¼ 1; 3; 5;… for the 08 plies,

Fig. 1. (a) A schematic diagram of alternating 08 and 908 plies in a facesheet

of sandwich composite; the ply thickness is t and the facesheet thickness is

b; x1 denotes the normal direction of the plies, and x2 and x3 are along the

fiber directions in the 08 and 908 plies, respectively. (b) A schematic

diagram of the alternating 08 and 908 plies in a facesheet with a pre-crack of

length a: (c) A schematic diagram for first microcrack nucleation in the 908

ply next to the pre-crack tip.

Fig. 2. (a) Crack growth mechanism through microcrack nucleation across

the 908 lies in a facesheet with alternating 08 and 908 plies; the applied stress

is sapplied: (b) crack blocking mechanism via microcrack nucleation

confined in the same 908 ply next to the pre-crack tip. Fig. 3. An infinitesimal element of a ply in the shear-lag model.
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and 2,4,6… for 908 plies (Figs. 1 and 2). For example, n ¼ 1

is the leftmost 08 ply, n ¼ Ncrack þ 1 is the first intact 08 ply

after the pre-crack, n ¼ Ncrack þ 2 is the 908 ply in which the

first microcrack is nucleated, and n ¼ Ntotal is the last ply on

the right. Here we have taken the leftmost ply to be a 08 ply

(Figs. 1 and 2). The axial stress in each ply is averaged over

the ply thickness t; and is denoted by sn ¼ snðx2Þ for the n th

ply. The shear tractions at the interfaces with the left and

right plies (n 2 1 and n þ 1) are denoted by tleft
n and t

right
n ;

respectively, as shown in Fig. 3. For the representative

element in Fig. 3, the equilibrium requires

t
dsn

dx2

¼ tleft
n þ tright

n : ð1Þ

Let wn ¼ wnðx2Þ denote the axial displacement at the

center of the n th ply, and wleft
n and w

right
n be the axial

displacement at the interfaces with the left and right plies

(n 2 1 and n þ 1), respectively. The shear tractions in the

n th layer are related to these displacements by

tleft
n ¼ mn

wn 2 wleft
n

t=2
; tright

n ¼ mn

wn 2 w
right
n

t=2
; ð2Þ

where mn ¼ mf for the 08 plies ðn ¼ 1; 3; 5;…Þ; and mn ¼ mt

for the 908 plies ðn ¼ 2; 4; 6;…Þ: The normal stress sn in the

n th ply is related to the displacement wn by

sn ¼ En

dwn

dx2

; ð3Þ

where En ¼ Ef and En ¼ Et for the 08 and 908 plies,

respectively.

The equilibrium also requires the shear tractions to

satisfy

tleft
n ¼ 2t

right
n21 ; tright

n ¼ 2tleft
nþ1: ð4Þ

If there is no interface debonding, the continuity of

displacements across the interface between plies requires

wleft
n ¼ w

right
n21 ; wright

n ¼ wleft
nþ1: ð5Þ

We eliminate the displacement at the interfaces from Eqs.

(2), (4), and (5), and obtain the shear tractions as

tleft
n ¼

wn 2wn21

t

2

1

mf

þ
1

mt

 ! ; tright
n ¼

wn 2wnþ1

t

2

1

mf

þ
1

mt

 ! : ð6Þ

Its substitution into the equilibrium Eq. (1) yields

t2

2

1

mf

þ
1

mt

 !
dsn

dx2

¼ 2wn 2 wn21 2 wnþ1: ð7Þ

Eqs. (3) and (7) give a set of ordinary differential

equations for all plies except the leftmost ðn ¼ 1Þ and the

last one to the right ðn ¼ NtotalÞ: For the leftmost ply ðn ¼ 1Þ

which has traction-free condition tleft
1 ¼ 0; (7) becomes

t2

2

1

mf

þ
1

mt

 !
ds1

dx2

¼ w1 2 w2: ð8Þ

The last ply on the right ðn ¼ NtotalÞ is attached to the core in

sandwich composites. Its boundary condition is somewhat

complex. Here we examine two limiting cases.

(i) very compliant core material

The interaction between the last ply and the core is weak

such that it can be approximated by the traction-free

condition t
right
Ntotal

¼ 0 for a very compliant core. Eq. (7) then

becomes

t2

2

1

mf

þ
1

mt

 !
dsNtotal

dx2

¼ wNtotal
2 wNtotal21: ð9Þ

(ii) very stiff core material

The displacement at the interface between the last ply

and the core is essentially zero, w
right
Ntotal

¼ 0; for a very stiff
core. The substitution of tleft

Ntotal
in (6) and t

right
Ntotal

¼ mNtotal

wNtotal

t=2

in Eq. (2) into the equilibrium Eq. (1) gives

t2

2

1

mf

þ
1

mt

 !
dsNtotal

dx2

¼ 1þ
mNtotal

mf

þ
mNtotal

mt

 !
wNtotal

2wNtotal21;

ð10Þ

where mNtotal
¼ mf or mt if the last ply is the 08 ply or 908 ply,

respectively.

Eqs. (7–9) or 10 constitutive the governing equations of

the shear-lag model.

2.3. Boundary conditions

We focus on the configuration in Fig. 1c in which the first

microcrack has been nucleated. The traction is free on the

faces of the pre-crack and the first microcrack, i.e.

sn ¼ 0 at x2 ¼ 0 for n # Ncrack or

n ¼ Ncrack þ 2:

ð11Þ

For plies that remain intact, we have

wn ¼ 0 at x2 ¼ 0 for n ¼ Ncrack þ 1 or

n $ Ncrack þ 3:

ð12Þ

A uniform remote strain, 1applied; is imposed to all plies, i.e.

dwn

dx2

¼ 1applied as x2 !þ1 for all n: ð13Þ

The remote applied stress is then given by

sapplied ¼
1

2
ðEf þ EtÞ1applied: ð14Þ

3. Design criterion against fracture of facesheets

in sandwich composites

We use IMSL Program [7] to numerically solve governing

equations and boundary conditions in Section 2.3. The

numerical results presented in the following lead to a very
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simple design criterion against fracture of facesheets in

sandwich composites.

First of all, the numerical results have suggested that,

unless the pre-crack is so long that it almost reaches the last

ply on the right (i.e. a , b; or equivalently Ncrack , Ntotal),

the stress in plies near the pre-crack tip for very compliant

core (i.e. Eq. (9)) is the same as that for very stiff core (i.e.

Eq. (10)). Therefore, we present only results that are based

on boundary condition (9) in the following.

3.1. Non-dimensional material parameters

It is observed that the governing Eqs. (7–9) involve two

non-dimensional material parameters, Ef

�
1
mf

þ 1
mt

�
and

Et

�
1
mf

þ 1
mt

�
; which can be equivalently expressed in terms

of elastic moduli ratio Et=Ef in the transverse and fiber

directions, and
ffiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
that represents the ratio of

elastic to shear moduli.

3.2. Stress distribution

Prior to first microcrack nucleation, the normal stress in

the first intact 908 ply ðn ¼ Ncrack þ 2Þ has a maximum at

x2 ¼ 0 due to stress concentration induced by the pre-crack.

Once the first microcrack is nucleated at x2 ¼ 0; the stress at

x2 ¼ 0 becomes zero and the maximum stress in the ply

occurs at a finite distance above (or below) the crack plane.

Fig. 4 shows the stress distribution in the ply ðn ¼

Ncrack þ 2Þ for two non-dimensional material parameters

Et=Ef ¼ 0:16 and
ffiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
¼ 32:5; pre-crack length

a ¼ 4t; and facesheet thickness b ¼ 20t; where s is

normalized by the applied stress sapplied and x2 is normalized

by the ply thickness t: A maximum value speek is clearly

observed, where

speak ¼ max
0#x2,þ1

sNcrackþ2ðx2Þ: ð15Þ

The location of peak stress is a potential site for the

nucleation of next microcrack in this ply, as shown

schematically in Fig. 5. From dimensional analysis, the

peak stress depends on two non-dimensional material

parameters Et=Ef and
ffiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
; and normalized

pre-crack length a=t and facesheet thickness b=t; i.e.

speak ¼sapplied

X
peak

Et

Ef

;
ffiffiffiffiffiffi
Ef Et

q 1

mf

þ
1

mt

 !
;

a

t
;

b

t

" #
; ð16Þ

where Speak is a non-dimensional function determined from

the shear-lag model.

3.3. Crack growth versus crack blocking

Another potential site for the next microcrack nucleation

is on the crack plane ðx2 ¼ 0Þ in the next intact 908 ply

ðn ¼ Ncrack þ 4Þ; which is to the right of first microcrack as

shown schematically in Fig 5. The stress at this location is

denoted by

snext ¼ sNcrackþ4ðx2 ¼ 0Þ; ð17Þ

which takes the form

snext ¼sapplied

X
next

Et

Ef

;
ffiffiffiffiffiffi
Ef Et

q 1

mf

þ
1

mt

 !
;
a

t
;

b

t

" #
; ð18Þ

where Snext is a non-dimensional function determined from

the shear-lag model.

For speak . snext; the next microcrack will be nucleated

at the location of speak (Fig. 5) at a finite distance above the

first microcrack in the same 908 ply. On the contrary, the

next microcrack will be nucleated on the crack plane in

Fig. 4. Stress distribution (normalized by the applied stress sapplied) in the

908 ply next to the pre-crack tip, in which the first microcrack is nucleated;

It has a maximum stress speak; x2 is normalized by the ply thickness t;

a ¼ 4t is the pre-crack length, b ¼ 20t is the facesheet thickness; Ef and Et

are the elastic moduli in the fiber and transverse directions, respectively,

and mf and mt are the shear moduli.

Fig. 5. A schematic diagram of the potential sites of microcrack nucleation

after the first microcrack is nucleated in the 908 ply next to the pre-crack tip;

a is the pre-crack length and b is the facesheet thickness; sapplied is the

applied stress, speak is the peak stress in the 908 ply with the first

microcrack, while snext is the stress on the crack plane in the next 908 ply.
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the next 908 ply (n ¼ Ncrack þ 4; Fig. 5) if speak , snext: We

use the ratio speak=snext as a simple indicator for the

competition between the mechanisms of crack blocking

(Fig. 2b) and crack growth (Fig. 2a), i.e.

speak

snext

. 1 ð19Þ

for crack blocking. The left hand side of the above equation

depends on the length a of the pre-crack, as seen from

Eqs. (16) and (18). The numerical results have shown that,

for all possible length of the pre-crack, 2t # a # b 2 4t; or

equivalently 2 # Ncrack # Ntotal 2 4; the left hand side of

Eq. (19) always has a minimum value when a ¼ 2t:

Therefore, if we enforce that the minimum value of

speak=snext at a ¼ 2t is larger than unity, the next microcrack

will be nucleated in the same ply as the first microcrack

regardless of the length of the pre-crack, i.e.

speak

snext

����
a¼2t

. 1: ð20Þ

For given Et=Ef and
ffiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
; Eq. (20) gives a

critical normalized facesheet thickness b=t above which the

crack blocking is ensured. This critical facesheet thickness,

determined from
speak

snext
la¼2t ¼ 1; is independent of the pre-

crack length. In other words, for each
ffiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
and

normalized facesheet thickness b=t; there exists a critical

elastic moduli ratio Et=Ef below which the crack blocking is

ensured. Surprisingly, the numerical results show that the

critical elastic moduli ratio Et=Ef is independent offfiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
; and depends only on the ratio of the

normalized facesheet thickness b=t: This can be seen in

Fig. 6; for b=t ¼ 20; the critical elastic moduli ratio Et=Ef

is 0.105, and is independent of
ffiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
:

The relation between the normalized facesheet thickness

b=t and elastic moduli ratio Et=Ef which separates the crack

blocking from crack growth mechanisms is shown in Fig. 7.

For a facesheet whose thickness b (normalized by the ply

thickness t) and elastic moduli ratio Et=Ef in the transverse

and fiber directions below the curve in Fig. 7, the crack

blocking is ensured and crack growth is prevented. For a

thin facesheet b=t ¼ 6 as in some aerospace applications,

this requires the elastic modulus Et in the transverse

direction must be less than 4.5% of the modulus Ef in the

fiber direction, or equivalently Ef must be at least 23 times

higher than Et to prevent crack growth. For a thicker

facesheet b=t ¼ 30 as in some naval applications, Et can be

as large as 10% of Ef such that the modulus in the fiber

direction only needs to be 10 times higher the modulus in

the transverse direction. The curve in Fig. 7 approaches a

plateau for b=t $ 20: Therefore, for thick facesheets as in

some naval applications, the modulus ratio Ef =Et should be

more than 10 in order to ensure crack blocking and prevent

crack growth.

4. Concluding remarks

We have developed a shear-lag model to study two

fracture mechanisms in facesheets of sandwich composites,

namely crack growth and crack blocking. The shear-lag

model gives a simple criterion governing these two

mechanisms. For a given elastic moduli ratio Et=Ef in the

transverse and fiber directions, there exists a critical

facesheet thickness above which the crack blocking is

ensured and crack growth is prevented. Equivalently, for a

given facesheet thickness b; there exists a critical elastic

moduli ratio Et=Ef below which the crack blocking is

ensured. For b ¼ 6t (t is the ply thickness), the elastic

modulus Ef in the fiber direction must be more than 23 times

larger than the elastic modulus Et in the transverse direction

Fig. 6. For facesheet thickness b ¼ 20t; the relation between
ffiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
and Et=Ef which separates crack blocking from crack growth, where t is

the ply thickness, Ef and Et are the elastic moduli in the fiber and

transverse directions, respectively, and mf and mt are the shear moduli.

This relation is found to be independent of
ffiffiffiffiffiffi
Ef Et

p �
1
mf

þ 1
mt

�
:

Fig. 7. The relation between normalized facesheet thickness b=t and elastic

moduli ratio Et=Ef that separates crack blocking from crack growth, where t

is the ply thickness, Ef and Et are the elastic moduli in the fiber and

transverse directions, respectively.

H. Jiang et al. / Composites: Part B 35 (2004) 551–556 555



in order to ensure the crack blocking. For b $ 20t;Ef only

needs to be 10 times larger than Et:
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